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Recursion and trees

The cow shown laughing on the Laughing
Cow® box holds, as if for earrings, two
Laughing Cow® boxes each featuring a
cow shown laughing and presumably — |
say “presumably” because here my
eyesight fails me, | don’t know about yours
— holding, asif for earrings, two Laughing
Cow® boxes each featuring a cow shown
laughing and presumably holding... (you
get the idea).

This 1921 advertising gimmick, still
doing very well, is an example of a structure defined recursively, in the www.be-group.com.

; . Picture credit:
following sense: nage 847

Recursive definition

A definition for a concept is recursive if it involves one or more instances of
the concept itself.

“Recursion” — the use of recursive definitions — has applications throughout
programming: it yields el egant waysto define syntax structures; wewill also see
recursively defined data structures and routines.

We may say “recursive” as an abbreviation for “recursively defined”:
recursive grammar, recursive data structure, recursive routine. But thisisonly a
convention, because we cannot say that a concept or a structure is by itself
recursive: all we know is that we can describe it recursively, according to the
above definition. Any particular notion — even the infinite Laughing Cow
structure — may have both recursive and non-recursive definitions.

When proving properties of recursively defined concepts we will use
recursive proofs, which generalize inductive proofs as performed on integers.
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Recursion is direct when the definition of A cites an instance of A; it is
indirect if for 1L<i < n(for somen> 2) thedefinition of every A; citesan instance
of A1, and the definition of A, cites an instance of A;.

In this chapter we are interested in notions for which a recursive definition
is elegant and convenient. The examples include recursive routines, recursive
syntax definitions and recursive data structures. We will also get a glimpse of
recursive proofs.

One class of recursive data structures, the tree in its various guises, appears
in many applications and embodies the very idea of recursion. This chapter
covers the important case of binary trees.

14.1 BASIC EXAMPLES

At this point you may be wondering whether a recursive definition makes any
sense at all. How can we define a concept in terms of itself? Does such a
definition mean anything at al, or isit just avicious circle?

You are right to wonder. Not al recursive definitions define anything at all.
When you ask for adescription of someoneand all you get is“ Sarah? Sheisjust
Sarah, what else can | say?’ you are not learning much. So we will haveto look
for criteriathat guarantee that a definition is useful even if recursive.

Before we do this, however, let us convince ourselves in a more pragmatic
way by looking at a few typical examples where recursion is obviously useful
and seems, just as obvioudly, to make sense. This will give us afirm belief —
little more than a belief indeed, based on hope and a prayer — that recursion is
a practically useful way to define grammars, data structures and algorithms.
Then it will be time to look for a proper mathematical basis on which to — “Making sense of

establish the soundness of recursive definitions. L%‘éjgg » 147,

Recur sive definitions

With the introduction of genericity, we were able to define atype as either: « " Definitions: Class
T1 A non-generic class, such as INTEGER or STATION. gle?ie\’,gd?ﬁg;alcgsg ‘

T2 A generic derivation, of the form C [T], where C isageneric classand T is Page370.
a type.

Thisisarecursive definition; it simply means, using the generic classes ARRAY

and LIST, that valid classes are:

* INTEGER, STATION and such: non-generic classes, per case T1.

 Through case T2, direct generic derivations. ARRAY [INTEGER],
LIST [STATION] etc.

* Applying T2again, recursively: ARRAY [LIST [INTEGER]], ARRAY[ARRAY
[LIST [STATION]]] and so on: generic derivations at any level of nesting.
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You may consider using a similar technique to answer the exercise which, in the
first chapter, asked you to define “alphabetical order”.

Recursively defined grammars

Consider an Eiffel subset with just two kinds of instruction:

* Assignment, of the usual form variable := expression, but treated here as a
terminal, not specified further.

» Conditional, with only athen part (no else) for smplicity.
A grammar defining thislanguage is:

Instruction
Conditiona

Assignment | Conditional

(1> >

if Condition then Instruction end

For our immediate purposes Condition is, like Assignment, a terminal. This
grammar isrecursive, since the definition of Instruction involves Conditional as
one of the choices, and Conditional in turn involves Instruction as part of the
aggregate. But since there is a non-recursive alternative, Assignment, the
grammar productions clearly imply what an instruction may look like:

e Just an assignment.
» A Conditional containing an assignment: if c then a end.

* The same with any degree of nesting: if ¢, then if ¢, then a end end,
if ¢, then if c, then if c; then a end end end and so on.

Recursive grammars are indeed an indispensable tool for any language that —
like all significant programming languages — supports nested structures.

Recursively defined data structures

The class STOP represented the notion of stop in ametro line:

class STOP create

feature
next: STOP
-- Next stop on same line.
... Other features omitted (see page 123) ...
end

A naive interpretation would deduce that every instance of STOP contains an
instance of STOP, which itself contains another ad infinitum, asin the Laughing
Cow scheme. This would indeed be the case if STOP were an expanded type:

« 1-E.3, page 14.

« Thisdiscussion
was previewed in

“ Recursive gram-
mars’, page 307.

« Page 123.
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Nested fields
next | "] (not the correct
next (STOP) interpretation)
(STOP)

Other fields
(STOP)

Thisisimpossible, however, and STOP isin any case areference type, like any
type defined asclass X ... with no other qualification. So the real pictureisthe

one originally shown: « Page 116.
e s S T g Alinked line
(STOP) (STOP) (STOP)

Recursion in such adata structure definition simply indicatesthat every instance
of the class contains a reference to a potential instance of the same class —
“potential” because the reference may be void, as for the last stop in the figure.

In the same chapter we encountered another example of self-referential
class definition: a class PERSON with an attribute spouse of type PERSON.

This is a very common case in definitions of useful data structures. From
linked lists to trees of various kinds (such as the binary trees studied later in this
chapter), the definition of auseful object type often includes referencesto objects
of the type being defined, or (indirect recursion) atype that depends onit.

Recursively defined algorithms and routines

The famous Fibonacci sequence, enjoying many beautiful properties and many
applications to mathematics and the natural sciences, has the
following definition:

FO =0
Fl =1
Fi = Fi—l + Fi—2 -Fori>1
Touch of History: About Fibonacci: y
. Ly . WWWW.MCS. SUrrey.ac.u
Fibonacci’s rabbits Personal/RKnott
L eonardo Fibonacci from Pisa(1170-1250) played akey rolein making Indian and Zg%ﬂ??ﬁg'ggg‘:é

Arab mathemati csknown to the West and, through many contributionsof hisown, | ww-gap.desst-and.
helping to start modern mathematics. He stated like this the problem that leads to | 25K fisoryahara
his famous sequence (which was dready known to Indian mathematicians): o
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A man put a pair of rabbitsin a place surrounded on all sides by awall.
How many pairs of rabbits can be produced from that pair in a year if
every month each pair begets a new pair, which becomes productive
from the second month on?

The answer is that the pairs at month i include those already present at
month i — 1 (no rabbits die), numbering F;_;, plus those begot by pairs
already present at month i — 2 (since pairs are fertile starting the second
month), numbering F;_,. This gives the above formula; successive values
are0,1, 1, 2, 3,5, 8 and so on, each the sum of the previous two.

The formulayields a recursive routine computing F, for any n:

fibonacci (n: INTEGER): INTEGER
-- Element of index n in the Fibonacci sequence.
require
non_negative: n >=0
do
if n=0then
Result :=0
elseif n=1then
Result :=1
else
Result := fibonacci (n—1) + fibonacci (n—2)
end
end

Programming Time!
Recur sive Fibonacci
Write a small system that includes the above recursive routine and prints out

itsresult. Try it for afew values of n— including 12, asin Fibonacci’soriginal
riddle— and verify that the results match the expected values.

The function includes two recursive calls, highlighted. That it works at all may
look abit mysterious (that’s why it is good to check it for afew values); asyou
progress through this chapter, the legitimacy of such recursively defined
routines should become increasingly convincing.

The principal argument in favor of writing the function this way is that it
elegantly matches the original, mathematical definition of the Fibonacci
sequence. On further ook it isnot that exciting, because anon-recursive version
isalso easy to obtain.

Programming Time!
Non-recur sive Fibonacci
Can you write (without first turning the page) a function that computes any
Fibonacci number, using a loop rather than recursion?

Fibonacci
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Thefollowing function indeed yields the same result as the above fibonacci (try
it for afew valuestoo):

fibonaccil (n: INTEGER): INTEGER
-- Element of index n in the Fibonacci sequence.
-- (Non-recursive version.)
require
positive: n>= 1
local
i, previous, second_previous. INTEGER
do
from
i:=1;Reault:=1
invariant
Result = fibonacci (i)
previous = fibonacci (i — 1)
until i = nloop
=i+l
second_previous := previous
previous := Result
Result := previous + second_previous
variant
n—i
end
end

For convenience this version assumes n > 1 rather than n > 0. Thanks to the

initialization rules previous starts out as zero, ensuring the initial satisfaction of the

invariant since Fg = 0. The variable second_previous is set anew in each loop

iteration and does not need specific initialization.
Thisversion, just atrifle more remote from the original mathematical definition,
is still simple and clear; note in particular the loop invariant (which, however,
refers for convenience to the recursive function, which it takes as the official
mathematical definition). Some may prefer the recursive version anyway, but
thisislargely amatter of taste. Depending on the compiler, that version may (as
we will see) be less efficient at run time.

Taste and efficiency aside, if it were only for such examples we would have
a hard time convincing ourselves of the indispensability of recursive routines.
We need cases in which recursion provides a definite plus, for example because
any non-recursive competitor is significantly more abstruse.

Such problems indeed abound. One that concentrates many of the

interesting properties of recursion, with the smallest amount of irrelevant detail,
arises from adelightful puzzle: the Tower of Hanoi.
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14.2 THE TOWER OF HANOI

In the great temple of Benares, under the dome that marks the center of the
world, three needles of diamond are set on top of a brass plate. Each needleis
a cubit high, and thick asthe body of a bee. On one of these needles God strung,
at the beginning of ages, sixty-four disks of pure gold. The largest disk rests on
the brassand the others, ever smaller, rest over each other all the way to thetop.
That is the sacred tower of Brahma.

Night and day the priests, following one ancther on the steps of the altar,
work to transfer the tower from the first diamond needle to the third, without
deviating from the rules just stated, set by Brahma. When all is over, the tower
and the Brahminswill fall, and it will be the end of the worlds.

In spite of its oriental veneer, this story is the creation of the French
mathematician Edouard Lucas (signing as “N. Claus de Siam”, anagram of
“Lucas d Amiens’, after his native city). On a market in Thailand — Siam
indeed — | bought the above rendition of histower. Thelabels A, B and C are
my addition. | will not expand on why | chose amodel made of wood rather than
diamond, gold and brass, but it islegitimate, since | did have alarge suitcase, to
ask why it has only nine disks:

Quiz time!
Hanoi tower size
Why do commercially available models of the Towers of Hanoi puzzle have
far fewer than 64 disks?

(Hint: the game comes with a small sheet of paper listing a solution to the
puzzle, in the form of a sequence of moves: A to C, A to B etc.)

Tower of Hanoi
(or should it be
Benares?) with 9
disks, initial state
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To answer this question, we may assess the minimum number H,, of individual
“move’ operations required — if there is a solution — to transfer n disks from
needle A to needle B, using needle C as intermediate storage and following the
rules of the game; nis 64 in the original version and 9 for the small mode!.

We observe that any strategy for moving n disks from A to B must at some
point move the largest disk from A to B. Thisis only possible, however, if
needleB isfreeof any disksat all, and A containsonly thelargest disk, all others
having been moved to C — since there is no other place for them to go:

I ntermediate
state

What isthe minimum number of movesto reach thisintermediate situation? We
must have transferred n — 1 disks (al but the largest) from A to C, using B as
intermediate storage; the largest disk, which must stay on A, playsno roleinthis
operation. The problem is symmetric between B and C; so the minimum number
of movesto achieve the intermediate situation isH,, ;.

Once we have reached that situation, we must move the largest disk from A
to B; it remains then to transfer the n — 1 smaller disks from C to B. In all, the
minimum number of moves H,, for transferring n disks, for n >0, is

[Hh=2%Hy +1 |

(Hp_q moves to transfer n — 1 disks from A to C, one move to take the largest
disk from A to B, and H,,_; again to transfer then—1 smaller disksfrom A to C).
Since Hy = 0, this gives

Hp=2"-1

and, as a consequence, the answer to our quiz; remembering that 210 (that is,
1024) is over 102, we note that 25 is over 1.5+10%; that's alot of moves,
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A year is around 30 million seconds. At one second per move — very efficient
priests — the world will collapse in about 500 billion years, over 30 times the
estimated age of the universe. Asto the paper for printing the solution to a 64-disk
game, it would require cutting down the forests of afew planets.

Thisreasoning for the evaluation of H,, was constructive, in the sensethat it also
givesus apractical strategy for moving n disks (for n> 0) from A to B using
C asintermediate storage:

* Move n — 1 disks from A to C, using B as intermediate storage, and
respecting the rules of the game.

* Then B will be empty of any disk, and A will only have the largest disk;
transfer that disk from A to B. This respects the rules of the game since we
are moving asingle disk, from the top of a needle, to an empty needle.

* Then move n — 1 disks from C to B, using A as intermediate storage,
respecting the rules of the game; B has one disk, but it will not cause any
violation of the rules of the game sinceit islarger than all the ones we want
to transfer.

Thisstrategy turnsthe number of movesH, = 2"— 1 from atheoretical minimum

into a practically achievable goal. We may expressit as arecursive routine, part

of aclassNEEDLES

hanoi (n: INTEGER; source, target, other: CHARACTER)
-- Transfer n disks from source to target, using other as
-- intermediate storage, according to the rules of the
-- Tower of Hanoi puzzle.
require
non_negative: n >=0
differentl: source /= target
different2: target /= other
different3: source /= other
do
if n>0then
hanoi (n—1, source, other, target)
move (source, target)
hanoi (n-1, other, target, source)
end
end

The discussion of contracts for recursive routines will add other precondition
clauses and a postcondition.

By convention, we represent the needles as characters: 'A’, 'B' and 'C'. Another
convention for this chapter (already used in previous examples) isto highlight
recursive branches; hanoi contains two such calls.

213 sheets per tree
(tinyurl.com/6azaht);
210 moves per page
(very small print);
double-sided since we
are environmentally
conscious, maybe 400
billion (over 239)
usable treeson earth
(tinyurl.com/yfppyd):
adding three similar
planetswill get
us started.

— “ Contracts for
recursive routines’,
14.8, page 485.
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The basic operation move (source, target) moves a single disk, the top one
on needle source, to needle target; its precondition is that there is at least one
disk on source, and that on target either there is no disk or the top disk is larger
than the top disk on source. If you have access to the wireless network of the
Great Temple of Benares you can program move to send an instant message to
the cell phone of the appropriate priest or an email to her Blackberry, directing
her to move a disk from source to target. For the rest of us you can write move
as aprocedure that displays a one-disk-move instruction in the console:

move (source, target: CHARACTER)
-- Prescribe move from source to target.
do
i0.put_character (source)
io.put_string (" to ")
io.put_character (target)
i0.put_new_line
end

Programming Time!
The Tower of Hanoi

Write a system with a root class NEEDLES including the procedures hanoi
and move as shown. Try it for afew values of n.

For example executing the call

hanoi (4, 'A', 'B', 'C)

will print out the sequence of fifteen (2* — 1) instructions Shown here split into
three columns; read it
column by column,

AtoC BtoC Bto A top to bottomin each

AtoB AtoC CtoB column. The move of
the biggest disk h

CtoB AtoB AtoC been highlighted.

AtoC CtoB AtoB

Bto A CtoA CtoB

which indeed moves four disks successfully from A to B, respecting the rules of
the game.
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One way to look at the recursive solution — procedure hanoi — is that it
works as if we were permitted to move the top n—1 disks all at once to a needle
that has either no disk, or the biggest disk only. In that case we would start by
performing this operation from source to other (here A to C):
Fictitiousinitial
global move

Then we would move the biggest disk from A to B, our final target; this
single-disk move s clearly legal since there is nothing on B. Finaly we would
again perform aglobal move of n—1 disksfrom C, where we have parked them,
to B, which is OK because they are in order and the largest of them is smaller
than the disk now on B.

Of coursethisisafiction since we are only permitted to move onedisk at a
time, but to move n-1 disks we may simply apply the same technique
recursively, knowing that the target needleis either empty or occupied by adisk
larger than all those we manipulate in this recursive application. If n = 0, we
have nothing to do.

Do not be misled by the apparent frivolity of the Tower of Hanoi example.
The solution serves as a model for many recursive programs with important
practical applications. The simplicity of the algorithm, resulting from the use of
two recursive calls, makesit an ideal testbed to study the properties of recursive
algorithms, aswe will do when we return to it later in this chapter.
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14.3 RECURSION ASA PROBLEM-SOLVING STRATEGY

In earlier chapters we saw control structures as problem-solving techniques:

« A compound (sequence) solution means “I know A B C
someone who can get mefromhereto B and someoneelse > u >n
who can get me from B to C, so let me ask them one then (Figure from page 147.)

the other and that will get meto C”.

« A conditional solution means“| know someone who can condition q Condiﬁ[iﬁnld
solve the problem in one case and someone else for the holds oesnot ho

other possible case, so let me ask them separately”.

* A loop solution means“I do not know how to get to C, but
| know aregion | (theinvariant) that contains C, someone
(the initialization) to take me into |, and someone else
(the body) who whenever | amin| and not yet in C can take
mecloser to C, decreasing thedistance (thevariant) insuch
away that | will need her only a finite number of times; so
let me ask my first friend once to get into I, then bug my
other friend aslong as | have not reached C yet”.

* A routine solution means “I know someone who has solved this problemin
the general case, so let me just phrase my special problemin histermsand
ask himto solve it for me”.

What about a recursive solution? Whom do | ask?
| ask myself.

Possibly several times! (Asin the Hanoi case and many to follow.)

Why rely on someone else when | trust myself so much more? (At least |
think | do.)

By now we know that this strategy is not as silly asit might sound at first. |
ask myself to solve the same problem, but on a subset of the original data, or
several such subsets. Then | may be able to pull it off, if | have away to extend
these partial solutionsinto a solution to the entire problem.

Such isthe idea of recursion viewed as a general problem-solving strategy.
It isrelated to some of the earlier strategies:

* Recursion resembles the routine strategy, since it relies on an existing
solution, but in this case we use a solution to the same problem — not only
that, the same solution to that problem: the solution that we are currently
building and that we just pretend, by aleap of faith, already exists.

* Recursion aso shares properties with a loop solution: both techniques
approximate the solution to the whol e problem by solutions covering part of
the data. But recursion is more general, since each step may combine more
than one such partial solution. Later in this chapter we will have the
opportunity of comparing the loop and recursion strategies in detail.

(Figure from page 174.)

(Figure from page 155.)

« Chapter 8.

« “Theloop strat-

egy’, page 155.

« “Fromloopstorecur-
son”, 14.6, page471.
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14.4 BINARY TREES
If the Tower of Hanoi solution isthe quintessential recursive routine, the binary
tree is the quintessential recursive data structure. We may define it as follows:
Definition: binary tree
A binary tree over G, for an arbitrary datatype G, isafinite set of items called
nodes, each containing a value of type G, such that the nodes, if any, are
divided into three digoint parts:
* A singlenode, caled theroot of the binary tree.
* (Recursively) two binary trees over G called the left subtree and
right subtree.
It is easy to expressthis as a class skeleton, with no routines yet:
class BINARY_TREE [G] feature
item: G
left, right: BINARY _TREE [G]
end
where a void reference indicates an empty binary tree. We may illustrate a
binary tree — here over INTEGER — asfollows:
A binary tree

(“branching”

L eft subtree / \ Right subtree representation)
Convention:

/ / \ =
2 &
\

67

This “branchi ng” form IS the most common Style of repre%n“ ng a. bi nary tree, « “Nesting and the
but not the only one; as in the case of abstract syntax trees, we might opt for a syntax structure’,
nested representation, which here would look like the following. page 40.
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35 A binary tree
3 54 in nested _
representation
18 78

Convention:

41 60 90 L eft subtree

12
67 Right subtree

The definition explicitly allows a binary tree to be empty (“the nodes, if any”).
Without this, of course, the recursive definition would lead to an infinite
structure, whereas our binary trees are, as the definition also prescribes, finite.

If not empty, a binary tree always has a root, and may have: no subtree; a
left subtree only; aright subtree only; or both.

Any node n of abinary tree B itself defines abinary tree B,,. The association
is easy to seein either of the |ast two figures: for the node labeled 35, B,, isthe
full tree; for 23 itistheleft subtree; for 54, theright subtree; for 78, thetreerooted
at that node (right subtree of the right subtree); and so on. Thisalows usto talk
about the left and right subtrees of a node — meaning, of its associated subtree.
We can make the association formal through another example of recursive
definition, closely following the structure of the definition of binary trees:

Definition: Tree associated with a node
Any node n of abinary tree B defines abinary tree B,, as follows:
» If nistheroot of B, then B, issimply B.

» Otherwise we know from the preceding definition that n isin one of the
two subtrees of B. If B’ is that subtree, we define B, as B, (the node

associated with n, recursively, in the corresponding subtree).

A recursive routine on a recursive data structure

Many routines of aclassthat defines adata structure recursively will follow the
definition’s recursive structure. A simple example is a routine computing the
number of nodes in a binary tree. The node count of an empty treeis zero; the
node count of a non-empty tree is one — corresponding to the root — plus
(recursively) the node counts of theleft and right subtrees, if any. We may turn
this observation into a recursive function of the class BINARY_TREE:



§14.4 BINARY TREES 449
count: INTEGER
-- Number of nodes.
do
Result :=1
if left /= Void then Result := Result + |eft.count end
if right /= Void then Result := Result + right.count end
end
Note the similarity of the recursive structure to procedure Hanoi.
Children and parents
The children of anode — nodes themselves— are the root nodes of itsleft and
right subtrees:
Parent A binary _tree
(“branching”

L eft child / \

Right child

If Cisachild of B, then B isaparent of C. We may say more precisely that B
is“the” parent of C thanks to the following result:

Theorem: Single Parent

Every node in a binary tree has exactly one parent, except for the root which
has no parent.

The theorem seems obvious from the picture, but we have to proveit; this gives
us an opportunity to encounter recursive proofs.

Recursive proofs

The recursive proof of the Single Parent theorem mirrors once more the
structure of the recursive definition of binary trees.

If abinary tree BT is empty, the theorem trivially holds. Otherwise BT
consists of a root and two digjoint binary trees, of which we assume — thisis
the“recursion hypothesis’ — that they both satisfy the theorem. It followsfrom
the definitions of “binary tree”, “child” and “parent” that a node C may have a
parent P in BT only through one of the following three ways:

P1 Pistheroot of BT, and Cistheroot of either itsleft or right subtree.
P2 They both belong to the left subtree, and P isthe parent of C in that subtree.
P3 They both belong to the right subtree, and P isthe parent of C inthat subtree.

representation)
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In case P1, C has, from the recursion hypothesis, no parent in its subtree; so it
has one parent, the root, in BT as a whole. In cases P2 and P3, again by the
recursion hypothesis, P was the single parent of C in their respective subtree,
and thisis still the case in the whole tree.

Any node C other than the root fallsinto one of these three cases, and hence
has exactly one parent. In none of these cases can C be the root which, as a
consequence, has no parent. This completes the proof.

Recursive proofs of this kind are useful when you need to establish that a
certain property holds for all instances of a recursively defined concept. The
structure of the proof follows the structure of the definition:

» For any non-recursive case of the definition, you must prove the property
directly. (In the example the non-recursive case is an empty tree.)

* A case of the definition is recursive if it defines a new instance of the
concept in terms of existing instances. For those cases you may assume that
the property holds of these instances (this is the recursion hypothesis) to
prove that it holds of the new one.

This technique applies to recursively defined concepts in general. We will see

its application to recursively defined routines such as hanoi.

A binary tree of executions

An interesting example of a binary tree is the one we obtain if we model an
execution of the hanoi procedure, for example with three disks on needles A, B,
C. Each node contains the argumentsto the given call; theleft and right subtrees
correspond to the first and second recursive calls.

3ABC An ex_ec.ution of
Hanoi viewed as
/ \ abinary tree
2ACB SCBA
1ABC 1BCA 1CAB 1ABC

OACB |[0CBA |0OBAC |0OACB |[0CBA |[0BAC |0ACB |0CBA

By adding the move operations you may reconstruct the sequence of operations;

we will see thisformally below. — Page454.
This example illustrates the connection between recursive algorithms and

recursive data structures. For routines that have a variable number of recursive

calls, rather than exactly two as hanoi, the execution would be modeled by a

general tree rather than abinary tree.
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More binary tree properties and terminology 35

As noted, a node of abinary tree may have: 23 54
- Bothaleft child and aright child, likethetop node, labeled 18/ 41/ \78

35, of our example. P
e Only aleft child, like all the nodes of the left subtree, 12 60 \90

labeled 23, 18, 12.
* Only aright child, like the node labeled 60.

* Nochild, in which caseit is called a leaf. In the example
the leaves are labeled 12, 41, 67 and 90.

67
(Fromthe figure on page 447.)

We definean upwar d path in abinary tree as a sequence of zero or more nodes,
where any node in the sequence is the parent of the previous one if any. In our
example, the nodes of labels 60, 78, 54 form an upward path. We have the
following property, a consequence of the Single Parent theorem:

Theorem: Root Path

From any node of abinary tree, thereis a single upward path to the root.

Proof: consider an arbitrary node C and the upward path starting at C and
obtained by adding the parent of each node on the path, aslong as thereis one;
the Single Parent theorem ensures that this path is uniquely defined. If the path
isfinite, itslast element isthe root, since any other node has a parent and hence
would allow usto add one more element to the path; so to prove the theorem it
suffices to show that al paths are finite.

The only way for a path to be infinite, since our binary trees are finite sets
of nodes, would be to include a cycle, that isto say if a node n appeared twice
(and hence an infinite number of times). This means the path includes a
subsequence of the form n ... n. But then n appears in its own left or right
subtree, which isimpossible from the definition of binary trees.

Considering downward rather than upward paths gives an immediate
consequence of the preceding theorem:

Theorem: Downward Path

For any node of abinary tree, there is a single downward path connecting the
root to the node through successive applications of left and right links.

The height of abinary treeisthe maximum number of nodes on adownward path
from the root to a leaf (or the reverse upward path). In the example (see figure
above) theheight is5, obtained through the path fromtheroot to theleaf labeled 67.
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It is possible to define this notion recursively, following again the recursive
structure of the definition of binary trees: the height of an empty tree is zero; the
height of anon-empty treeisone plusthe maximum of (recursively) the heights of
its two subtrees. We may add the corresponding function to class BINARY_TREE:

height: INTEGER
-- Maximum number of nodes on a downward path.
local
Ih, rh: INTEGER
do
if left /=Void then |h:= left.height end
if right /= Void then rh := right.height end

Result := 1 + Ih.max (rh) x=max (y) isthe maxi-
end mumof x and y.

This adapts the recursive definition to the convention used by the class, which
only considers non-empty binary trees, although either or both subtrees, |eft and
right, may be empty. Note again the similarity to hanoi.

Binary tree operations

ClassBINARY_TREE asgiven sofar hasonly threefeatures, all of them queries: <« Page447.
item, left and right. We may add a creation procedure

make (x: G)
-- Initialize with itemvalue x.

do

item:=x
ensure

set: item=x
end

and commands for changing the subtrees and the root value:

add_left (x: G) Note the precondition,
-- Create left child of value x. which prevents over-
. writing an existing
require

child. Itispossibleto

no_left_child_behind: left = Void add procedures
do put_left and put_right,
which replace an exist-
create left.make (x) ing child and do not
end have this precondition.
add right ... Same model asadd _left ...
replace (x: G)

-- Set root value to x.
doitem:=xend
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In practice it is convenient to specify replace as an assigner command for the « “Bracket notation
corresponding query, by changing the declarations of this query to and assigner com-

item: G assign replace mends’, page 384,
making it possible to write bt.item := x rather than bt.put (x).

Traversals

Being defined recursively, binary treeslead, not surprisingly, to many recursive
routines. Function height was one; here is another. Assume that you are
requested to print all the item values associated with nodes of the tree. The
following procedure, to be added to the class, does the job:

print_all
-- Print all node values.
do
if left /= Void then print_all (left) end
print (item)
if right /= Void then print_all (right) end
end
This uses the procedure print (available to all classes through their common — “Overall inherit-
ancestor ANY) which prints asuitable representation of avalue of any type; herethe ancesfructure’, 16.10,
typeis G, the generic parameter in BINARY_TREE [G]. page 566.
Remarkably, the structure of print_all isidentical to the structure of hanoi.
Although the business of print_all isto print every node item, the algorithm
scheme isindependent of the specific operation, here print, that we perform on
item. The procedure is an example of abinary tree traver sal: an algorithm that
performs a certain operation once on every element of a data structure, in a
precisely specified order. Traversal is a case of iteration. <« " Définition: Iterat-
. ing”, page397. For
For binary trees, three traversal orders are often useful: further study see

“ Agentsfor iteration” ,
17.3, page 627.

Binary treetraversal orders

* Inorder: traverse left subtree, visit root, traverse right subtree.
e Preorder: visit root, traverse |eft, traverse right.
* Postorder: traverse left, traverse right, visit root.

In these definitions, “visit” means performing the individual node operation,
such as print in the print_all example; “ traverse” means a recursive
application of the algorithm to a subtree, or no action if the subtree is empty.

Preorder and other traversals that always go as deep as possible into a
subtree before trying other nodes are known as depth-first.
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The procedure print_all isanillustration of inorder traversal. We may easily
expressthe other two variantsin the same recursive form; for example, aroutine
post for postorder traversal will have the routine body

if left /= Void then post (left) end
if right /= Void then post (right) end
visit (item)

where visit is the node operation, such as print.

In the quest for software reuse, it is undesirable to write a different routine for
variants of a given traversal scheme just because the visit operation changes. To
avoid this, we may use the operation itself as an argument to the traversal routine.

Thiswill be possible through the notion of agent in alater chapter. — “Witing anitera-
As another illustration of inorder traversal, consider again the binary tree of 1or pagetat
executions of hanoi, for n = 3, with the nodes at level 0 omitted since nothing
interesting happens there:
3ABC A Hanol
execution as
/ inorder
traversal
(Fromthefigureon
page 450)

(inorder)

Procedure hanoi is the mother of all inorder traversals: traverse the left subtree
if any; visit theroot, performing move (source, target), as highlighted for each
node (source and target are the first two needle arguments); traverse the right
subtreeif any. Theinorder traversal, asillustrated by the bold line, producesthe
required sequence of movesA B,AC,BC,AB,CA,CB,AB.

Binary search trees

For a general binary tree, procedure print_all, implementing inorder traversal,
prints the node values in an arbitrary order. For the order to be significant, we — Wewill learn more
must move on from binary trees to binary search trees. about total ordersin
. ) ) ) the study of topologi-
The set G over which a general binary tree is defined can be any set. For cal sort: “ Total
binary search trees, we assume that G is equipped with atotal order relation ©ders’. pagesl4.

enabling us to compare two arbitrary elements of G through the boolean
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expression a < b, such that exactly one of a<b, b <aand a~ b (object equality)
is true. Examples of such sets include INTEGER and REAL, with the usual <
relation, but G could be any other set on which we know atotal order.

Asusual we writea<=bfor (a<b) or (a~b),anda> b for b < a. Over
such totally ordered sets we may define binary search trees:

. ... ; The EiffelB lassi
Definition: binary search tree BINARY SEARCH TREE.

A binary search tree over atotally ordered set G is a binary tree over G such
that, for any subtree of root itemvaluer:

* Theitem valuele of any nodein the left subtree satisfiesle<r.

» Theitemvaueri of any node in the right subtree satisfiesri >r.

The node valuesin the left subtree are less than the value for the root, and those

in the right subtree are greater; this property must apply not only to thetreeasa

whole but also, recursively, to any of itsimmediate or indirect subtrees. We will

call it the Binary Search Tree Invariant.
This definition implies that all the item values of the tree's node are
different. We will use this convention for simplicity. It is also possible
to accept duplicgtions; theq the conditions in .the definitions begome . Exercise 14-E.3
le<=randr <= ri. Anexercise asksyou accordingly to adapt the binary page 500.
search tree algorithms that we are going to see.

Our example binary tree of integersis a binary search tree: all 35

the values in the | eft subtree are less than the root value, 35, all

those in the right subtree are greater, and the same properties 23 4

hold recursively in every subtree.
The procedure print_all, applied to a binary search tree, pe

will print al the node itemsin order, from smallest to greatest. | 12 60 90

Programming Time! &7
Printing valuesin order

Using the procedures given so far, writeaprogram that buildsthe exampletree,
then prints the node items using print_all. Check that the values are in order.

Performance

Let us look more closely at why binary search trees are useful as container
structures — a potential competitor to hash tables. Indeed they usually provide
much better performance than sequential lists. Assuming random data, a
. . . . . . <« Second performance
sequential list provides us, n being the number of items, with table on page 407.
* O (1) insertion (if we keep the items in the order of insertion).
* O (n) search.
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With abinary search tree, both operationscan be O (log n), much better than O (n)
for large n. (Remember that in big-O notation it does not matter what base we
choosefor thelogarithms.) Hereisthe analysisfor afull binary tree, that isto say
one in which both subtrees of any given node have exactly the same height h:

/\
PN PN

It isclear, by induction on h, that the number of nodes nin afull tree of height

his2"—1 (in the above figure, his3 and nis 7). Thisimplies that for a given

number of nodes n the height islog, (n + 1), which isO (log n). In afull tree,

both a search and an insertion — using algorithms given below, whichyoucan | .
already guess — will start from the root and follow a downward path to a leaf, \,Tardngfr:?f baDmegl_
taking O (log n) time. Thisis the major attraction of binary search trees.

Of course most practical binary treesare not full; if you are out of luck with
the order of insertion, the performance can be as bad as with sequential lists,
O (n) — with added storage costs since each node has both a left field and a
right field where alinked list cell hasjust one. The following figure shows such
cases: insertions in descending order (A), ascending order (B), greatest then
smallest then second greatest and so on (C).

Some binary
search tree
/ \ / schemes causing
/ \ \ O (n) behavior

(A) (B) (©)
/ N /

With arandom enough order of insertions, however, the binary search tree will
remain sufficiently close to full to ensure O (log n) behavior. You can actually
guarantee O (log n) insertions, searches and deletions by using the AVL or  on these techniques,

“red-black” variants of binary search trees, which remain near-full. see the bibliographic
references of the previ-
. . . ous chapter, for exam-
Inserting, searching, deleting ple Cormen et al.
(page 433).

Here is arecursive routine for searching a binary search tree (this routine and
the following ones are to be added to the binary search tree class):
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has (x: G): BOOLEAN
-- Does x appear in any node?
require
argument_exists: x /= Void
do
if x~itemthen
Result := True
elseif x <itemthen
Result := (left /=Void) and then left.has (X)
else-- x> item
Result := (right /= Void) and then right.has (x)
end
end

The agorithm is O (h) where h is the height of the tree, meaning O (log n) for
full or near-full trees.

Inthis casethereisareasonably simple non-recursive version, using aloop:

hasl (x: G): BOOLEAN
-- Does x appear in any node?
require
argument_exists: x /= Void
local
node: BINARY_TREE [G]
do
from
node := Current
until
Result or node = Void
invariant
-- X does not appear above node on downward path from root
loop
if x<itemthen
node := left
elsalf x> itemthen
node := right
else
Result := True
end
variant
-- (Height of tree) — (Length of path from root to node)
end
end

~ isobject equality.

<« Thevariant and
invariant are
pseudocode; see
“Touch of Syle: High-
lighting pseudocode’
page 109.
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For inserting an element, we may use the following recursive procedure:

put (x: G)
-- Insert x if not already present.
require
argument_exists: x /= Void
do
if x<itemthen
if left = Void then
add_left (x) <« About add_eft and
ese add right see page 452.
left.put (X)
end

elsaif x > itemthen
if right =Void then
add right (x)
else
right.put (x)
end
end
end

The absence of an else clause for the outermost if reflects the decision to ban « Seepage 455.
duplicate information. As a consequence, a call to put with an already present

value will have no effect. Thisis correct behavior (“not a bug but a feature”),

sincethe header comment isclear. Some users might, however, prefer adifferent

APl with a precondition stating not has (x).

The non-recursive version is left as an exercise. — 14-E.5, page 502.

The next natural question is how to write a deletion procedure remove (x: G).
Thisisless simple because we cannot just remove the node containing x (unless
itisaleaf and not theroot, in which case we make the corresponding | eft or right
reference void); we also cannot leave an arbitrary value there since it would
destroy the Binary Search Tree Invariant.

More precisely we could put a special boolean attribute in every node, indicating
whether theitemvalueis meaningful, but that makes thingstoo complicated, wastes
space and affects the other algorithms.

What we should do is reorganize the node values, moving up some of those
found in subtrees of the node where we find x to reestablish the Binary Search
Tree Invariant.
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Inthe examplebinary search tree, acall remove (35), %5
affecting the value in the root node, might either:
* Moveup al the values from the left subtree (where 23 54
each node has a single child, on the left).
18 41 78
* Move up the value in the right child, 54, then /
recursively apply a similar choice to move values 12 60 90
up in one of its subtrees.
67

Like search and insertion, the process should be O (h)
where h isthe height of the tree, in favorable cases.

The deletion procedure is left as an exercise; |
suggest you try your hand at it now, following the inspiration of the
preceding routines:

Programming Time!
Deletion in a binary search tree

Write a procedure remove (x: G) that removes from a binary search tree the
node, if any, of item value x, preserving the Binary Search tree Invariant.

14.5 BACKTRACKING AND ALPHA-BETA

Before we explore the theoretical basis of recursive programming, it isuseful to
look into one more application, or rather awhole class of applications, for which
recursion is the natural tool: backtracking algorithms.

The name carries the basic idea: a backtracking algorithm looks for a
solution to a certain problem by trying successive paths and, whenever a path
reaches a dead end, backing up to a previous path from which not all possible
continuations have been tried. The process ends successfully if it finds a path
that yields a solution, and otherwise fails after exhausting all possible paths, or
hitting a preset termination condition such as a search time limit.

A problem may be amenable to backtracking if every potential solution can
be defined as a sequence of choices.

The plight of the shy tourist

You may have applied backtracking, asalast resort, to reach atravel destination.
Say you are at position A (Zurich main station) and want to get to B (between the
main buildings of ETH and the University of Zurich):

(Fromthe figure on page 447.)
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Not having amap and too shy to ask for directions, you are reduced to trying out
streets and checking, after each try, if you have arrived (you do have a photo of
the destination). You know that the destination is towards the East; so, to avoid
cycles, you ignore any westward street segment.

At each step you try street segments starting from the north, clockwise: the
first attempt takes you to position 1. You realize that it is not your destination;
since the only possible segment from there goes west, this is a dead end: you
backtrack to A and try the next choice from there, taking you to 2. From there

you try 3, again a dead end as all segments go west. You backtrack to the
previous position, 2.

If all valid (non-westward) positions had been tried, 2 would be a dead-end

too, and you would have to go back to A, but there remains an unexplored
choice, leading to 4.

The process continues like this; you can complete the itinerary on the map
above. While not necessarily the best techniquefor traveling, it is sometimesthe
only possible one, and it is representative of the general trial-and-error scheme
of backtrack programming. This scheme can be expressed asarecursiveroutine:
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find (p: PATH): PATH
-- Solution, if any, starting at p.
require
meaningful: p /= Void
local
c: LIST [CHOICE]
do
if p.is_solution then
Result :=p
else
c .= p.choices
from c.start until
(Result /=Void) or c.after
loop
Result := find (p + c)
c.forth
end
end
end

This uses the following conventions: the choices at every step are described by
atype CHOICE (in many cases you may be able to use just INTEGER); there
is aso atype PATH, but a path is simply a sequence of choices, and p + cis
the path obtained by appending c to p. We identify a solution with the path
that leads to it, so find returns a PATH; by convention that result is void if find
finds no solution. To know if a path yields a solution we have the query
is_solution. The list of choices available from p — an empty list if p is a dead
end — is p.choices.

To obtain the solution to a problem it suffices to use find (p0) where pO is
an initial, empty path.

Asusual, Result isinitialized to Void, so that if in acall to find ( p) none of
the recursive calls on possible extensions p + ¢ of p yields a solution — in
particular, if there are no such extensions as p.choices is empty — the loop will
terminate with c.after; then find (p) itself will return Void. If this was the
original call find ( p0), the process terminates without producing a solution; but
if not, itisarecursively triggered call, and the parent call will simply resume by
trying the next remaining choice if any (or returning Void too if none are |eft).
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If, on the other hand, the call finds p to be asolution, it returns p asitsresult,
and all the callers up the chain will return it as well, terminating their list
traversals through the Result /= Void clause of the exit condition.

Recursionis clearly essential to handle such ascheme. It isanatural way to
express the trial-and-error nature of backtracking agorithms; the machinery of
recursion takes care of everything. To realize its contribution, imagine for a
second how you would program such a scheme without recursion, keeping track
of previoudly visited positions. (I am not suggesting you actually write out the
full non-recursive version, at least not until you have read about

derecursification techniques further in this chapter.) —* Implementation of
recursive routines’
The later discussion also shows how to improve the efficiency of the given 14.9, page 486.

algorithm by removing unnecessary bookkeeping. For example it is not really
necessary to pass the path p as an explicit argument, taking up space on the call
stack; p can instead be an attribute, if weadd p ;= p + x before the recursive call and
p := p.head after it (where head yields a copy of a sequence with its last element

removed). We will develop a general framework allowing us to carry out such — “ Preserving and
optimizations safely. restoring thecontext”
page 488.

Getting backtracking right

The general backtracking scheme requires some tuning for practical use. First,
asgiven, itisnot guaranteed to terminate, asit could go on exploring ever longer
paths. To ensure that any execution terminates, you should either:

» Haveaguarantee (from the problem domain) that there are no infinite paths;
in other words, that repeatedly extending any path will eventually yield a
path with an empty choiceslist.

» Define amaximum path length and adapt the algorithm so that it treats any
path as a dead-end when it reaches that limit. Instead of the path length you
may also limit the computation time. Either variant isasimple changetothe _, gxercise® Back-

preceding agorithm. tracking curtailed”
14-E 8, page 503.

In addition, a practical implementation can usually detect that a path is
equivalent to another; for example, with the situation pictured

O - - »O Path with a cycle




§14.5 BACKTRACKING AND ALPHA-BETA 463

thepaths[1234],[1234 234 1,[12342 234 234 ]etc.aredl equivaent.

The example of finding an itinerary to a destination avoided this problem through

an expedient — never go west, young man — but this is not a generalizable

solution. To avoid running into such cycles, the algorithm should keep alist of _, Exercise* cycles
previoudy visited positions, and ignore any path leading to such a position. gg;iz%dé’ » 14-E9,

Backtracking and trees

Any problem that lends itself to a backtracking solution also lends itself to
modeling by atree. In establishing this correspondence, we use trees where a
node may have any number of children, generalizing the concepts defined
earlier for binary trees. A path in the tree (sequence of nodes) corresponds to a
path in the backtracking algorithm (sequence of choices); the tree of the — “Tryingand back-
itinerary example, limited to the choices that we tried, is: tracking”, page 460.

@ Backtrack tree

P

d
4

We can represent the entire town map in this way: nodes for locations,
connected by edges representing street segment. The result isa graph. A graph
only yields atreeif it has no cycles. Here thisis not the case, but we can get a
tree, called a spanning tree for the graph, containing all of its nodes and some
of its edges, through one of the techniques mentioned earlier: using a
cycle-avoiding convention such as never going west, or building paths from a
root and excluding any edge that leads to a previously encountered node. The
abovetree is a spanning tree for the part of our example that includes nodes A,
1,2, 3and 4.

« “Binary trees’,
14.4, page 447.

With this tree representation of the problem:

* A solution is a node that satisfies the given criterion (the property earlier

called is_solution, adapted to apply to nodes rather than paths). « About this adapta-

tion see“ E_)eﬁnitic_m:
« An execution of the algorithm is simply a preorder (depth-first) traversal Ig%%ﬁg;etwth a

of the tree.

In the example, our preorder traversal visited nodes A, 1, 2, 3and 4 in thisorder.
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This correspondence indicates that “Preorder” and “backtracking” are
essentially the same idea : the rule that whenever we consider a possible path
we exhaust all its possible extensions — all the subtrees of its final node —
before we look at any of the alternative choices at the same level, represented
by siblings of its node. For exampleif A in the previous figure has athird child,
the traversal will not consider it before it has exhausted all the subtrees of 2.

The only property distinguishing a backtracking algorithm from an ordinary
preorder traversal isthat it topsassoon asit findsanode satisfying thegiven criterion.

“Preorder” was defined for binary trees as root first, then left subtree, then right
subtree. Theleft-to-right order — generalized to arbitrary trees by assuming that the
children of each node are ordered — is not essentia here; “depth-first” does not
imply any such ordering. It is just as simple, however, to assume that the choices
open to the algorithm at every stage are numbered, and tried in order.

M inimax

An interesting example of the backtracking strategy, also modeled naturaly as
atree, is the “minimax” technique for games such as chess. It is applicable if
you can make the following assumptions about the game:

* It is a two-player game. We assume two players called Minnie and
Maximilian, the latter familiarly known as Maxi.

» Toevaluate the situation at any time during agame, you have an evaluation
function with a numerical value, devised so that a lower value is better for
Minnie and a higher one for Maxi.

A primitive evaluation function in checkers, assuming Maxi is Black, would be
(mb — mw) + 3 (kb — kw) where mb, mw are the numbers of black and white “men”

and kb, kw the corresponding numbers of “kings’; the eval uation function considers
aking to be worth three times as much as a man. Good game-playing programs use
far more sophisticated functions.

Minnie looks for a sequence of moves leading to a position that minimizes the
evaluation function, and Maxi for one that maximizesit.
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Minnie Gametree

Minnie

o

Each player uses the minimax strategy to choose, from a game position, one of
the legal moves. The tree model represents possible games; successive levels of
the tree aternatively represent the moves of each player.

In the figure, we start from a position whereit is Minnie'sturn to play. The
goal of the strategy isto let Minnie choose, anong the moves available from the
current position (three in the figure), the one that guarantees the best outcome
— meaning, in her case, the minimal guaranteed evaluation function value in
leaves of the tree. The method is symmetric, so Maxi would rely on the same
mechanism, maximizing instead of minimizing.

This assumption of symmetry is essential to the minimax strategy, which
performs a depth-first traversal of the tree of moves to assign a value to
every node:

M1 The value of aleaf is the result of applying the evaluation function to the
corresponding game position.

M2 The value of an internal node from which the moves are Maxi’s is the
maximum of the values of the node's children.

M3 In Minni€'s caseit is the minimum of the children’s values.

The value of the game as awhole is the value associated with the root node. To
obtain astrategy we must retain for each internal node, in cases M2 and M 3, not
only the value but also the child choice that |eads to this value. Here is an
illustration of the strategy obtained by assuming some values for the evaluation
function (shown in color) in the leaves of our example tree:
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Minnie (level 1)

Game tree with
] valuations
Maxi (level 2)
-7
Minnie (level 3)

8 9 10 6 4 -1 2 20 5 9 3 —/ 12

You can see that the value at each node is the minimum (at levels 1 and 3) or
maximum (at level 2) of the values of the children. The desirable move for
Minnie, guaranteeing the minimum value -7, is choice C.

Backtracking is appropriate for minimax since the strategy must obtain the
values for every node’s children before it can determine the value for the node
itself, requiring a depth-first traversal.

The following algorithm, a variation on the earlier general backtracking
scheme, implementsthese ideas. It is expressed as a function minimax returning
apair of integers. guaranteed value from a starting position p, initial choice
leading to that value. The second argument | is the level at which position p
appearsintheoverall gametree; thefirst movefrom that position, returned as part
of theresult, isMinnie'smove asinthefiguresif | isodd, and Maxi’sif | iseven.

minimax (p: POSTION; I: INTEGER): TUPLE [value, choice: INTEGER]
-- Optimal strategy (value + choice) at level | starting from p.
local
next: TUPLE [value, choice: INTEGER]
do
if p.is_terminal (I) then
Result := [value: p.value; choice: O]

else
C := p.choices
from
Result :=worst (1)
c.start

until c.after loop
next := minimax (p.moved (c.item), | + 1)
Result := better (next, Result, )
end
end
end
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To represent the result, we use a tuple of integers representing the value and
the choice.

The auxiliary functions worst and better are there to switch between
Minnie's and Maxi’s viewpoints: the player is minimizing for any odd level |
and maximizing for any even |.

worst (I: INTEGER): INTEGER
-- Worst possible value for the player at level |.
do
if I\\' 2=1then Result := Max else Result := Min end
end

better (a, b: TUPLE [value, choice: INTEGER]; I: INTEGER):
TUPLE [value, choice: INTEGER]
-- The better of a and b, according to their value, for player at level I.

do
if '\2=1then
Result := (a.value < b.value)
else
Result := (a.value > b.value)
end
end

To determine the worst possible value for either player we assume constants
Max, with avery large value, and Min, with avery small value, for examplethe
largest and smallest representable integers.

Function minimax assumes the following features from class POS TION:
* is_terminal indicates that no moves should be explored from a position.

* Inthat case value gives the value of the evaluation function. (The query
value may have the precondition is_terminal.)

» For a non-terminal position choices yields the list of choices, each
represented by an integer, leading to alegal moves.

» Ifiissuchachoice, moved (i) givesthe position resulting from applying the
corresponding move to the current position.

\\isinteger remainder.

To avoid the repeated
use of the TUPLE
type, you may instead
definea small class
GAME_RESULT with
integer attributes
value and choice.
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The simplest way to ensure that the algorithm terminatesis to limit the depth of
the exploration to a set number of levels Limit. Thisiswhy is_terminal asgiven
includes the level | as argument; it can then be written as just

is terminal (I: INTEGER): BOOLEAN
-- Should exploration, at level |, stop at current position?
do
Result := (I = Limit) or choices.is_empty
end

In practice a more sophisticated cutoff criterion is appropriate; for example the
algorithm could keep track of CPU time and stop exploration from a given
position when the exploration time reaches a preset maximum.

To run the strategy we call minimax (initial, 1) where initial is the initial
game position. Level 1, odd, indicates that the first move is Minnie’s.

Alpha-beta

The minimax strategy as seen so far always performs a full backtracking
traversal of the tree of relevant moves. An optimization known as alpha-beta
pruning can significantly improve its efficiency by skipping the exploration of
entire subtrees. It is a clever idea, worth taking a look at not just because it is
clever but also as an example of refining arecursive algorithm.

Alpha-betais only meaningful if, as has been our assumption for minimax,
the game strategy for each of the two players assumes that the other player’s
strategy isreversed (one minimizes, the other maximizes) but otherwiseidentical.

The insight that can trim entire subtrees in the exploration is that it is not
necessary for aplayer at level | + 1 to continue exploring asubtreeif it finds that
this could only deliver aresult better for the player itself, and hence worse for
its adversary, than what the adversary has already guaranteed at level |: the
adversary, which uses the reversed version of the strategy, would never select
that subtree.

Thisdiscussion refers
toaplayer as“ it”
since our playersare
program elements.
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The previous example provides an illustration. Consider the situation after
the minimax algorithm has explored some of the initial nodes:

Minnie

Maxi

Minnie

We are in the process of computing the value (a maximum) for node Mal, and
aspart of thisgoal the value (a minimum) for node Mi2. From exploring the first
subtree of Mal, rooted at Mi1, we aready have atentative maximum value for
Mal: 8, signaled by a question mark since it is only temporary. This means a
guarantee for Maxi that hewill not do, at Mal, worse than 8. For Maxi, “worse”
means lower. In exploring the Mi2 subtree we come to Ma2, where the value —
obtained in this case from the evaluation function since Ma2 is a leaf, but the
reasoning would apply to any node — is 6. So at node Mi2 Minnie will not do
worse (meaning, in her case, higher) than 6. But then Maxi would never, from
node Ma2, take choice B leading to Mi2, since he already has a better result from
choice A. Continuing to explore the subtree rooted at Mi2, part of choice B,
would just be a waste of time. So as soon as it has found value 6 at Ma2 the
alpha-beta strategy discards the rest of the Mi2 subtree.

In the figure’'s example thereis only one node left in the Mi2 subtree after Ma2 and
we are at the leaf level, but of course Ma2 could have many moreright siblingswith
large subtrees.

Not only is this optimization an interesting insight; it also provides a good
opportunity to hone our recursive programming skills. Indeed do not wait for the
solution (that is to say, refrain from turning the page just now!) and try first to
deviseit by yourself:

Programming time!
Adding Alpha-beta to Minimax

Adapt the minimax algorithm, asgiven earlier, so that it will usethe al pha-beta
strategy to avoid exploring useless subtrees.

Trimming barren
subtrees

<« Function minimax,
page 466.
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Theextensionissimple. (Well, asyou will have noted if you did try, it requires
some care to get the details right, in particular to avoid getting our better
comparisons upside down.) The routine needs one more argument to denote
thevalue, if any, already guaranteed for the adversary at the level immediately
above. Here is minimax updated for Alpha-beta, additions highlighted:

alpha_beta (p: POSTION; I: INTEGER; guarantee: INTEGER):

TUPLE [value, choice: INTEGER]
-- Optimal strategy (value + choice) at level |, starting from p.
-- Even level minimizes, odd level maximizes.
local
next: TUPLE [value, choice: INTEGER]
do
if p.is_terminal (1) then
Result := [value: p.value; choice: Q]

else
C := p.choices
from
Result :=worst (1)
c.start

until c.after or better (guarantee, Result, | —1) loop
next := minimax (p.moved (c.item), | + 1), Result)
Result := better (next, Result, |)

end
end
end

Each player now stops exploring its alternatives whenever it finds aresult that
is “better” for the adversary than the “guarantee’ the adversary may already
have assured.
Since better was defined without a precondition it will accept a zero level, soitis
acceptableto passit| — 1. We might equivalently pass| + 1. Infact aslightly simpler
variant of better (quarantee, Result, | — 1) is better (Result, guarantee, 1); it is
equivalent thanks to the symmetric nature of the strategy.
The recursive call passes as a “guarantee” to the next level the best Result
obtained so far for the current level. As a consequence, apha-beta’s trimming,
which stops the traversal of a node’s children when it hits the new exit trigger
better (guarantee, Result, | —1), will never occur when the node itself is the
first child of itsown parent; thisisbecausetheloop initializesResult to thewor st
value for the player, so theinitial guarantee is useless. Only when the traversal
moves on to subsequent children doesit get achanceto trigger the optimization.
Minimax and apha-beta provide a representative picture of backtracking
algorithms, which have widespread applications to problems defined by large
search spaces. The key to successful backtracking strategies is often — as
illustrated by alpha-beta— to find insights that avoid exhaustive search.

<« The parts not high-
lighted are unchanged
from minimax, page
466 (departing from
the convention of the
rest of this chapter,
which highlights
recursive branches).
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14.6 FROM LOOPSTO RECURSION

Back to the general machinery of recursion.

We have seen that some recursive algorithms — Fibonacci numbers, search
and insertion for binary search trees — have aloop equivalent. What about the
other way around?

It isindeed not hard to replace any loop by arecursive routine. Consider an
arbitrary loop, given here without itsinvariant and variant (although we will see
their recursive counterparts later):

from Init until Exit loop Body end

We may replace it by

Init
loop_equiv

with the procedure

loop_equiv
--Emulate aloop of exit condition Exit and body Bodly.
do
if not Exit then
Body
Loop_equiv
end
end

In functional languages (such as Lisp, Scheme, Haskell, ML), the recursive
formisthe preferred style, even if loops are available. We could useit too in our
framework, replacing for example the first complete example of the discussion
of loops, which animated a Metro line by moving ared dot, with

Line8.start
animate_rest (Line8)

« “Functional pro-
gramming and func-
tional languages’,
page 324.

« Page 168.
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relying on the auxiliary routine

animate_rest (line: LINE)
-- Animate stations of line from current cursor position on
do
if not line.after then
show_spot (line.item.location)
line.forth
animate_rest (line)
end
end

(A more complete version should restore the cursor to its original position.)

The recursive version is elegant, but there is no particular reason in our
framework to prefer it to the loop form; indeed we will continue to use loops.

The conclusion might be different if we were using functional programming
languages, where systematic reliance on recursive routines is part of a distinctive
style of programming.

Even if just for theoretical purposes, it is interesting to know that loops are
conceptually not needed if we have routines that can be recursive. As an
example, recursion gives us a more concise version of the loop-based routine

paradox demonstrating the unsolvability of the Halting Problem: « “ An application:
proving the undecid-
. ability of the halting
recursive_paradox problent’, page 223.
-- Terminate if and only if not.
do
if terminates ("C:\your_project") then
recursive_paradox
end
end

Knowing that we can easily emulate loops with recursion, it is natural to ask
about the reverse transformation. Do we really need recursive routines, or could
we use loops instead?

We have seen straightforward cases: Fibonacci as well as has and put for
binary search trees. Others such as hanoi, height, print_all do not have an
immediately obvious recursion-free equivalent. To understand what exactly
can be done we must first look more closely into the meaning and properties
of recursive routines.
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14.7 M AKING SENSE OF RECURSION

The experience of our first few recursive schemes allows usto probe abit deeper
into the meaning of recursive definitions.

Vicious circle?

First we go back to the impolite but inevitable question: does the recursive
emperor have any clothes? That is to say, does a recursive definition mean
anything at all? The examples, especially those of recursive routines, should by
now be sufficiently convincing to suggest a positive answer, but we should still
retain a healthy dose of doubt. After all we keep venturing dangerously close to
definitions that make no sense at all — vicious circles. With recursion wetry to
define a concept in terms of itself, but we cannot just define it asitself. If | say

“Computer science is the study of computer science”

| have not defined anything at all, just stated a tautology; not one of those
tautologies of logic, which are things to prove and hence possibly interesting,
just aplatitude. If | refine thisinto

“Computer science is the study of programming, data structures, algorithms,
applications, theories and other areas of computer science”

| have added some usable elements but still not produced a satisfactory
definition. Recursive routines can, similarly, be obviously useless, as:

p (x: INTEGER)
-- What good is this?
do p(x) end

which for any value of the argument would execute forever, never producing
any result.

“Forever” in this case means, for atypical compiler’s implementation of recursion

on an actual computer, “until the stack overflows and causes the program to crash”.

So in practice, given the speed of computers, “forever” does not last long. — you
can try the example for yourself.

How do we avoid such obvious misuses of recursion? If we attempt to
understand why the recursive definitions seen so far seem intuitively to make
sense, we can nail down three interesting properties:

<« “ Definition: Tau-
tology” , page 78.

— You can seean
example of the result
on page 665.
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Touch of Methodology:
Well-formed recursive definition

A useful recursive definition should ensure that:
R1 Thereis at least one non-recursive branch.
R2 Every recursive branch occurs in a context that differs from the original.

R3 For every recursive branch, the change of context (R2) bringsit closer to
at least one of the non-recursive cases (R1).

For a recursive routine, the change of “context” (R2) may be that the call
uses a different argument, aswill acall r (n—1) in aroutine r (n: INTEGER);
that it applies to a different target, as in a call x.r (n) where x is not the
current object; or that it occurs after the routine has changed at least one field
of at least one object.

The recursive routines seen so far satisfy these requirements:

* The body of Hanoi (n, ...) is of the form if n > 0 then ... end where the <« Page443.
recursive calls are in the then part, but there is no else part, so the routine
does nothing for n = 0 (R1). The recursive calls are of the form
Hanoi (n—1, ...), changing the first argument and also switching the order
of the others (R2). Replacing n by n—1 brings the context closer to the
non-recursive case n = 0 (R3).

* The recursive has for binary search trees has non-recursive cases for <« Page457.
x = item, aswell asfor x <itemif thereisno left subtree, and x > itemif there
isnoright subtree (R1). It callsitself recursively on adifferent target, left or
right rather than the current object (R2); every such call goes to the left or
right subtree, closer to the leaves, where the recursion terminates (R3). The
same scheme governs other recursive routines on binary trees, such
as height. « Page452.

* The recursive version of the metro line traversal, animate rest, has a <« Page472.
non-recursive branch (R1), doing nothing, for a cursor that is after. The
recursive call does not change the argument, but it is preceded by a call
line.forth which changes the state of the line list (R2), moving the cursor
closer to a state satisfying after and hence to the non-recursive case (R3).
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R1, R2 and R3 also hold for recursive definitions of concepts other than routines:
»  Themini-grammar for Instruction has the non-recursive case Assignment.

* All our recursively defined data structures, such as STOP, are recursive
through references (never through expanded values), and references can be
void; in linked structures, void values serve as terminators.

In the case of recursive routines, combining the above three rules suggests a
notion of variant similar to the loop variants through which we guarantee that
loops terminate:

Touch of Methodology:
Recursion Variant

Every recursive routine should be declared with an associated recursion
variant, an integer quantity associated with any call, such that:
* Theroutine's precondition implies that the variant is non-negative.

* |f an execution of theroutine startswith avauev for the variant, the value
V' of the variant for any recursive call satisfiesO<Vv' <v.

The variant may involve the arguments of the routine, as well as other parts of
its environment such as attributes of the current object or of other objects. In the
examples just reviewed:

e For Hanai (n, ...), thevariantisn.

» For has, height, print_all and other recursive traversals of binary trees, the
variant isnode_height, the longest length of a path from the current node to
aleaf.

» For animate_rest, the variant is, asfor the corresponding loop, Line8.count
—Line8.index + 1.

Thereis no specia syntax for recursion variants, but we will use a comment of
the following form, here for hanoi:

--variant n

« Page 437.

« Page437.

« “Loop termination
and the halting prob-
lem’”, page 161.

« Page 168.
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Boutique cases of recursion

The well-formedness rules seem so reasonable that we might think they are
necessary, not just sufficient, to make arecursive definition meaningful. Suchis
indeed the case with the first two properties:

» R ifal branchesof adefinitionarerecursive, it cannot ever yield any instance
we do not already know. In the case of arecursive routine, execution will not
terminate, except in practice through a crash following memory exhaustion.

* R2:if arecursive branch appliesto the original context, it cannot ever yield
an instance we do not already know. For arecursive routine— say p (x: T)
with a branch that calls p (x) for the same x with nothing else changed —
this means that the branch, if taken, would lead to non-termination. For
other recursive definitions, it means the branch is useless.

The story is different for R3, if we take this rule as requiring a clearly visible
recursion variant such astheargument nfor Hanoi. Somerecursiveroutineswhich
do terminate violate this property. Here are two examples. They have no practical
application, but highlight general properties of which you must be aware.

McCarthy’s 91 function was devised by John McCarthy, a professor at « see* Functional
Stanford University, designer of the Lisp programming language (where Programmingand

X . AP functional lan-
recursion plays a prominent role) and one of the creators of Artificial guages', page324
Intelligence. We may write it as follows: (with photograph of

McCarthy).
mc_carthy (n: INTEGER): INTEGER
-- McCarthy’s 91 function.
do
if n>100then
Result :=n-10
else
Result := mc_carthy (mc_carthy (n + 11))
end
end

The value for n > 100 is clearly n — 10, but it is far less obvious — from a
computation shrouded in two nested recursive calls— that for any integer up to
99, including negative values, the result will be 91, explaining the function’s
name. The computation indeed terminates on every possible integer value. Yet
it has no obvious variant; mc_carthy (mc_carthy (n + 11)) actually uses as
argument of the innermost recursive call a higher value than the original!
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Here is another example, also a mathematical oddity:

bizarre (n: INTEGER): INTEGER
-- A function that can yield only a 1.
require
positive: n>=1
do
if n=1then
Result :=1
elseif even (n) then
Result :=bizarre (n// 2)
else --i.e.fornoddandn>1
Result :=bizarre (3= n+1)// 2)
end
end

This uses the operator // for rounded down integer division (5// 2and 4 // 2 are
both 2), and a boolean expression even (n) to denote whether n is an even
integer; even (n) can also be expressed asn\\ 2 = 0, using the integer remainder
operator \\. The two occurrences of a// division in the algorithm apply to even
numbers, so they are exact.

Clearly, if this function gives any result at all, that result can only be 1, the
value produced by the sole non-recursive branch. Less clear is whether it will
give this result — that is to say, terminate — for any possible argument. The
answer seems to be yes; if you write the program, and try it on sample values,
including large ones, you will be surprised to see how fast it converges. Yet there
is no obvious recursion variant; here too the change seems to go in the wrong
direction: the new argument in the second recursive branch, (3=n+ 1) // 2, is
actually larger than n, the previous value.

These are boutique examples, but we must take their existence into account
in any general understanding of recursion. They mean that some recursive
definitions exist that do not satisfy the seemingly reasonable methodol ogical
rules discussed above — and still yield well-defined results.

Note that such examples, if they terminate for every possible argument, do
have a variant: since for any execution of the routine the number of remaining
recursive callsis entirely determined by the program'’s state at the time of the
cal; itisafunction of the state, and can serve asavariant. Rather, it could serve
asavariant if we knew how to expressit. If we don't, its theoretical existence
does not help us much.

n/ 2, using the other
division operator /,
would give a REAL
result; for example5/2
is2.5.
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You will have noted that it is not possible to determine automatically — through

compilers or any other program analysis tools — whether a routine has arecursive

variant, even less to derive such a variant automatically: that would mean that we « " An application:

can solve the Halting Problem. proving the undecid-

. . - . ability of the halting

In practice we dismiss such examples and limit ourselves to recursive problent’, page223.
definitions that possess properties R1, R2 and R3, guaranteeing that they are
safe. In particular, whenever you write a recursive routine, you must always —

asin the examples of the rest of this chapter — explicitly list arecursive variant.

Keeping definitions non-creative

Even with well-formedness rules and recursion variants, we are not yet off the
hook in our attemptsto use recursion and still sleep at night. The problem isthat
arecursive “definition” is not a definition in the usual sense because it can
be creative.

An axiom in mathematics is creative: it tells us something that we cannot
deduce without it, for example (in the standard axioms for integers) that n < n’
holds for any integer n, where n’ is the next integer. The basic laws of natural
sciences are also creative, for examplethe rulethat nothing can travel faster than
the speed of light.

Theorems in mathematics, and specific results in physics, are not creative:
they state properties that can be deduced from the axioms or laws. They are
interesting on their own, and may start us on the path to new theorems; but they
do not add any assumptions, only consequences of previous assumptions.

A definition too should be non-creative. It gives a new name for an object
of our world, but all statements we can express with the definition could be
expressed without it. We do not want to express them without it — otherwise
we would not introduce the definition — but we trust that in principle we could.

If | say

Define X2, for any X, as x * X

| have not added anything to mathematics; | am just allowing myself to use the

new notation €, for any expression g, in lieu of the multiplication. Any property
that can be proved using the new form could also be proved — if more clumsily
— using the form that servesto defineit.
The symbol 4, which we have taken to mean “is defined as” (starting with
BNF productions), assumes this principle of non-creativity of definitions. But « Frompage 298 on.
now consider arecursive definition, of the form

f 4 some_expression [1]




814.7 MAKING SENSE OF RECURSION

479

where some_expression involvesf. It does not satisfy the principle any more! If
it did we could replace any occurrence of f by some_expression; thisinvolves f
itself, so we would have to do it again, and so on ad infinitum. We have not
really defined anything.

Until we have solved this issue — by finding a convincing, non-creative
meaning for “definitions’ such as[1] — we must be careful in our terminology.
We will reservethe & symbol for non-recursive definitions; a property such as
[1] will be expressed as an equality

f = some_expression [2]

which simply states a property of the left and right sides. (We may also view it
as an equation, of which f must be a solution.) To be safe when talking about
recursive “ definitions’, we will quarantine the second word in quotes.

The bottom-up view of recursive definitions

To sanitize recursion and bring it out of the quarantined area, it is useful to take
a bottom-up view of recursive routines and, more generally, recursive
“definitions’. | hope thiswill remove any feeling of dizzinessthat you may still
experience when seeing concepts or routines defined — apparently — in terms
of themselves.

In arecursive “definition”, the recursive branches are written in atop-down
way, defining the meaning of a concept in terms of the meaning of the same
concept for a “smaller” context — smaller in the sense of the variant. For
example, Fibonacci for nisexpressed in terms of Fibonacci forn—1andn—2;
the moves of Hanoi for n are expressed in terms of those for n—1; and the syntax
for Instruction involves a Conditional that contains a smaller Instruction.

The bottom-up view is a different interpretation of the same definition,
treating it the other way around: as a mechanism that, from known values, gives
new ones. Here is how it works, first on the example of a function. For any
function f we may build the graph of the function: the set of pairs|[x, f (x)] for
every applicable x. The graph of the Fibonacci function is the set

F2 {[0,0],[1, 1], [2 1], [3. 2], [4, 3], [5. 5], [6, 8], [7, 13] ...} [3]

consisting of all pairs [n, Fibonacci (n)] for al non-negative integers n. This
graph contains all information about the function. You may prefer to think of it
in the following visual representation:

The quarantine ends
on page 4382.
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0 1 2 3 4 5 6 7 A function graph
INTEGER @ [ [ [ ° ° ° ° (for the Fibonacci
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The top row lists possible arguments to the function; for each of them, the
bottom row gives the corresponding fibonacci number.

To give the function arecursive “definition” isto say that its graph F — as
aset of pairs — satisfies a certain property

F=h(F) [4]

for a certain function h applicable to such sets of pairs. Thisislike an equation
that F must satisfy, and is known as a fixpoint equation. A fixpoint equation
expresses that a certain mathematical object, here a function, remains invariant
under a certain transformation, here h.

For example to “ define” the Fibonacci function recursively as

fib (0) =0
fib (1) =1
fib (i) =fib (i —1) + fib (i —2)-- Fori>1

isto state that its graph F — the above set of pairs [3] — satisfies the fixpoint
equation F = h (F) [4] where h is the function that, given such a set of pairs,

yields a new one containing the following pairs:

G1 Every pair already in F.

G2 [0, 0]. -- The pair for n = 0: [0, fib (0)]
G3 [0, 1]. -- Thepair for n=0: [1, fib (1)]

G4 Every pair of theform [i, a + b] for somei such that F contains both a pair
of theform [i — 1, a] and another of the form [i — 2, b].

We can use this view to give any recursive “definition” aclear meaning, free of
any recursive mystery. We start from the function graph F that is empty (it
contains no pair). Next we define

F12 h(Fo)
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meaning, since G1 and G4 are not applicablein this case (as Fq has no pair), that
Fqissimply {[0, 0], [1, 1]}, with the two pairs given by G2 and G3. Next we
apply h once more to get

Fo2 h(Fy

Here and in subsequent steps G2 and G3 give us nothing new, since the pairs
[0, 0] and [1, 1] are already in F4, but G4, applied to these two pairs from F,
addsto F, the pair [2, 1]. Continuing like this, we define a sequence of graphs:
Foisempty, and each F;,.1 for i > Oisdefined ash (F;). Now consider theinfinite
union F of all the F; for every natural integer i: Fou F; U Fo U ..., more
concisely written

U F
iEN

where N is the set of natural integers. It is easy to see that this F satisfies the
property F = h (F) [4].

This is the non-recursive interpretation — the semantics — we give to the
recursive “definition” of Fibonacci.

In the general case, afixpoint equation of the form [4] on function graphs,
stating that F must be equal to h (F), admits as a solution the function graph

FAo UF
ieEN

where F; is a sequence of function graphs defined as above:

Fol {} -- Empty set of pairs

Fié h(Fl—l) --Fori>0

This fixpoint approach is the basis of the bottom-up interpretation of recursive
computations. It removes the apparent mystery from these definitions because
it no longer involves defining anything “in terms of itself”: it simply views a
recursive “definition” as afixpoint equation, and admits a solution obtained as
the union (similar to the limit of a sequence in mathematical analysis) of a
sequence of function graphs.

The empty set can, of

course, bewritten also
as. Thenotation { }
emphasizesthatitisa
set of pairs.
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This immediately justifies the requirement that any useful recursive “definition” « R1, page 474.
must have anon-recursive branch: if not, the sequence, which starts with the empty

set of pairsFg={ }, never getsany more pairs, becauseall the casesin the definition

of harelike G1 and G4 for Fibonacci, giving new pairs deduced from existing ones,

but there are no pairs to begin with.

This technique reduces recursive “definitions’, with all the doubts they raise as
to whether they define anything at all, to the well-known, traditional notion of
defining a sequence by induction.

The Fibonacci function is a good example for understanding the concepts,
but perhaps not sufficient to get really excited: after all, its usual definition in
mathematics textbooks already involves induction; only computer scientists
look at the function in a recursive way. What we saw is that we can treat its
recursive “definition” as an inductive definition — a good old definition,
without the quotes — of the function’s graph. We did not learn anything about Thisisthe end of the
thefunction itself, other than anew viewpoint. L et us see whether the bottom-up ;ﬂ‘g”afg anine” decreed
view can teach us something about afew of our other examples.

Bottom-up interpretation of a construct definition

Understood in a bottom-up spirit, the recursive definition of “type” has a clear

meaning. Asyou will remember, it said that a type is either: « “ Définitions: Class
type, generically
T1 A non-generic class, such as INTEGER or STATION. ggg;’%o?ase dass’,

T2 A generic derivation, of the form C [T], where C isa generic classand T
a type.

T1 is the non-recursive case. The bottom-up perspective enables us to
understand the definition as building the set of types as a succession of layers.
Limiting for simplicity the number of possible generic parameters to one:

» Layer L has dl the types defined by non-generic classes: INTEGER,
STATION and so on.

» Layer L, hasall the types of the form C [X], where C isageneric class and
Xisat level Ly LIST [INTEGER], ARRAY [STATION] etc.

* More generaly, layer L,, for any n > 0, has all the types of the form C [X],
where Xisat level L fori <n.

Thisway we get all possible types, generically derived or not.
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The towers, bottom-up

Now consider the Tower of Hanoi solution from a bottom-up perspective. We
may understand the routine as recursively defining a sequence of moves. Let's
denote such a sequence — move a disk from the top of needle A to B, then one
from Cto A and so on — as<A — B, C — A, ...>. The empty sequence of
moves will be < > and the concatenation of sequenceswill useasimple“+”, so
that <A - B,C > A>+<B 5> A>is<A - B, C—> A, B— A>.

Then we may expressthe recursive solution to the Towers of Hanoi problem
as a function han with four arguments (an integer and three needles), yielding
sequences of moves, and satisfying the fixpoint equation

han (n, s, t, 0) =
<> -1fn=0 [5]
han(n—-1,s,0,t)+ <s—>t> +han(n-1,0,t,9) -1fn>0 [6]

defined only when the values of s, t, o (short for source, target, other) are
different — wetake them asbeforeto range over '‘A’, 'B', 'C' — and nis positive.

The bottom-up construction of the function that solvesthisequationissimple.
[5] lets usinitidize the function’s graph to al pairsfor n = 0, each of the form

[(0,s,1,0), <>]

for s, t, oranging over al permutationsof 'A’, 'B', 'C'. Let uscall Hgthisfirst part
of the graph, made of six pairs.

Now we may use [6] to obtain the next part H;, containing all the values for
n =1, they are al of the form

[(1,s10), <s—>t>]

sincefor any sequence x the concatenation <>+ x or x + <>isxitself. The next
iteration of [6] gives us H,, whose pairs are of the form

[(2,s1,0), fl+ <s—>t> + gl]

for al s, t, o such that H, contains both apair of theform [(1, s, 0, t), f1] and one
of theform [(1, o, t, S), 1].
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Iterating again will give us Hy and subsequent elements of the graph. The
complete graph — infinite of course, since it includes pairs for all possible
values of n — isthe set of al pairsin all elements of the sequence, _éJN H; .

|

Here| strongly suggest that you get a concrete grasp of the bottom-up view
of recursive computation by writing a program that actually builds the graph:

Programming time:
Producing the graph of a function

Write a program (not using recursion) that produces successive elements H, | — Detailsinexercise
H4, H, ... of the function graph for the recursive Hanoi solution. 14-E11, page 303

A related exercise asks you to determine (without programming) the — 14-E.10, page503.
mathematical properties of the graph.

Another important exercise directs you to apply asimilar analysisto binary — 14-E.12, page 503.
tree traversals. You will have to devise a model for representing the solution,
similar to the one we have used here; instead of sequences of moves you will
simply use sequences of nodes.

Grammars as recursively defined functions

The bottom-up view is particularly intuitive for a recursive grammar, as in our
small example:

Instruction
Conditiona

4 ast | Conditional « Actual version
. . on page 437.
4 jfc Instruction end

distilled even further here: ifc represents “if Condition then” and ast represents
Assignment, both treated as terminals for this discussion.

It is easy to see how to generate successive sentences of the language by
interpreting these productions in a bottom-up, fixpoint-equation style:

ast

ifc ast end

ifcifc ast end end
ifcifcifc ast end end end

and so on. You can also look again, in light of the notion of bottom-up recursive

computation, at the earlier discussion of the little Game language. ¢ Recursive gram-

mars’, page 307.

It is possible to generalize this approach to arbitrary grammars by taking a _, gxercise 14-£.17,
matrix view of a BNF description. page 504.
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14.8 CONTRACTSFOR RECURSIVE ROUTINES

We have learned to equip our classes and their features with contracts stating
their correctness properties: routine preconditions, routine postconditions, class
invariants; the same concerns applied to algorithms gave us loop variants and
loop invariants. How does recursion affect the picture?

We have already seen the notion of recursion variant. If aroutine is
recursive directly or indirectly, you should include a mention of its variant. As
noted, we do not have specific language syntax for this but add a clause

-- variant: integer_expression

to the routine's header comment.

A recursive routine may have a precondition and postcondition like any
other routine. Because ensuring a precondition is aways the responsibility of
the caller, and here the routine is its own caller, the novelty is that you must
ensure that all calls within the routine (or, for indirect recursion, in associated
routines) satisfy the precondition.

Hereisthe Towers of Hanoi routine with more compl ete contracts; the new
clauses, expressed as comments, are highlighted.

hanoi (n: INTEGER,; source, target, other: CHARACTER)
-- Transfer n disks from source to target, using other as intermediate
-- storage, according to rules of Tower of Hanoi puzzle.
-- invariant: disks on each needle are piled in decreasing size.
--variant: n
require
non_negative: n >=0
differentl: source /= target
different2: target /= other
different3: source /= other
-- source has n disks; any disks on target and other are al
-- larger than all the disks on source.
do
if n>0then
hanoi (n—1, source, other, target)
move (source, target)
hanoi (n-1, other, target, source)
end
ensure

-- Disks previously on source are now on target, in same order,
-- on top of those previously there if any; other is as before.
end

« “ Touch of Method-
ology: Recursion Vari-
ant”, page475.

<« Theoriginal wason
page 443.
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A properly specified recursive routine has a recursion invariant: a set of
properties that must hold both before and after each execution. In the absence
of a specific language mechanism they will just appear twice, in the
precondition as well as in the postcondition; for clarity you may also, as here,
include them in the header comment under the form

-- invariant: integer_expression

Thisis not alanguage construct but relies on the following convention:

» If therecursion invariant is just pseudocode expressed as a comment, asin
this example, do not repeat it in the precondition and postcondition; here
this means omitting from the precondition and postcondition the property
that any disks on the affected needles are piled up in decreasing size.

* Any recursion invariant clause that is formal (aboolean expression) should
be included in the precondition and postcondition, since there is no other
way to expressit formally.

14.9 IMPLEMENTATION OF RECURSIVE ROUTINES

Recursive programming works well in certain problem areas, as illustrated by
the examplesin this chapter. When recursion facilitates your job you should not
hesitate to use it, since in modern programming languages you can take
recursion for granted.

Since there is usually no direct support for recursion in machine code,
compilersfor high-level languages must map arecursively expressed algorithm
into anon-recursive one. The applicable techniques are obviously important for
compiler writers, but even if you do not expect to become one it is useful to
know the basic ideas, both to gain further insight into recursion (complementing
the perspectives opened by previous sections) and to understand the potential
performance cost of using recursive algorithms.

We will look at some recursive schemes and ask ourselves how, if the
language did not permit recursion, we could devise non-recursive versions, also
called iterative, achieving the same results.
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A recursive scheme

Consider aroutiner that calsitself:

rexT
do
code before
r(y)
code_after
end

There might be several recursive calls, but we look at just one. What does it
mean — if we revert to a top-down view — to execute that call?

The presence of recursion impliesthat neither the beginning of theroutine's
code nor its end are just what they pretend to be:

* When code_before executes, this is not necessarily the beginning of a call
a.r (y) or r (y) executed by some client routine: it could result from an
instance of r calling itself recursively.

* When code_after terminates, thisis not necessarily the end of ther story: it
may simply be the termination of one recursively called instance; execution
should resume for the last instance started and not terminated.

Routines and their execution instances

The key novelty in the last observation is the concept of instance (also called
activation) of aroutine. We know that classes have instances — the “objects’
of object-oriented program execution — but we have not yet thought of routines
inasimilar way.

cals .
&
p\a A call chain,

cals
T, without recursion
r

At any moment during a program’s execution, the state of the computation is
characterized by acall chain as pictured above: the root procedure p has called
g which has called r... When an execution of a routine in the chain, say r,
terminates, the suspended execution of the calling routine, here g, resumes just
after the place where it had called r.
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In the absence of recursion, we did not need to make the concept of routine
instance explicit since any routine had, at any time, at most one active instance.
With recursion, the call chain may include two or more instances of the same
routine. Under direct recursion they will be contiguous:

Call chain with

*
p g direct recursion

q\+\
r

For example a call hanoi (2, s, t, 0) immediately starts a call hanoi (1, s, 0, t)
which startsa call hanoi (0, s, t, 0); at that stage we have three instances of the
procedure in the call chain.

A similar situation arises with indirect recursion:

" A
p\‘l\ _CaI_I chain WI'[h
q - indirect recursion

Preserving and restoring the context

All instances of aroutine share their program code; what distinguishes them is

their execution context. We have seen that in a useful case of recursion the <« R2, page474.
context of every call must differ by at least one element. The context elements
characterizing a routine instance (rather than object states) are:

» Thevalues of the actual routine arguments, if any, for the particular call.
» Thevauesof thelocal variables, if any.

» The location of the call in the text of the calling routine, defining where
execution should continue once the call compl etes.

As we saw when studying how stacks support the execution of programs in <« “Usingstacks’,
modern languages, a data structure representing such a routine execution page 421
context is called an activation record.
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Assume a programming language that does not support recursion. Since at
any time during execution there is at most one instance of any routine, the
compiler-generated program can use a single activation record per routine. This
is known as static allocation, meaning that the memory for all activation
records can be allocated once and for all at the beginning of execution.

With recursion each activation of the routine needs its own context. This
leaves two possibilities for implementation:

11 We can resort to dynamic allocation: whenever a routine instance starts,
create a fresh activation record to hold the routine’s context. Use this
activation record whenever the routine execution needs to access an
argument or local variable; use it too on instance termination, to determine
where execution must continue in the caller’s code. Resuming the caller’s
execution implies going back to its own activation record.

2 To save space, we may note that the reason for keeping context information
in an activation record isto be able to restore it when an execution resumes
after arecursive call. An alternative to saving that information is to
recompute it. This is possible when the change performed by the recursive
call isinvertible. The recursive calsin procedure hanoi (n, ...) are of the
form hanoi (n—1, ...); rather than storing the value of n into an activation
record, creating a new record holding the value n— 1, then restoring the
previous record on return, we may useasingle location for ninall recursive
instances, as with static allocation: at call time, we decrease the value by
one; at return time, we increase the value by one.

The two techniques are not exclusive: you can save space by using |2 for values
whose transformation in calls (such as replacing n by n— 1) admits an easily
implemented inverse, and retain an activation record for the rest of the context.
The decision may involve a space-time tradeoff if the inverse transformation,
unlike the n := n+ 1 example, is computationally expensive.

Using an explicit call stack

Of the two strategies for handling routine contexts let us look first at 11, which
relies on explicit activation records.

Like activation records, objects are created dynamically, as a result of
create instructions. The program memory area devoted to dynamically
allocated objectsisknown asthe heap. But for activation records of routineswe
do not need to use the heap since the patterns of activation and deactivation are
simple and predictable:

« “ Creating smple
objects’, 6.4, page 118.
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* A cdl to aroutine requires a new activation record.
* On returning from that call, we may forget this activation record (it will
never be useful again, since any new call will need its own values), and we
must restore the caller’s activation record.
Thisisalast-in, first-out pattern for which we have aready-made data structure:
stacks. The stack of activation records will reflect the call chain, pictured here « *Sacks’, 13.11,
going up: page 420.

*  Top of stack :
s/ M» Activation record (2) for s Call chain z_and the
4 correspondingcall
q / Activation record (2) for g stack
-
S
/ Activation record (1) for s
q
‘/ Activation record (1) for q
A
- Activation record for p

We have encountered the stack of activation records before: it isthe call stack <« “Usingstacks’,
which keeps track of routine calls during execution. If you are programming in  P2%¢ 42

a language supporting recursion, the call stack is the responsibility of the code

generated by the compiler. Here we are looking at how to manage it ourselves.

You can use an explicit stack of activation records to produce an iterative * Iterativz; ésdefineol
equivalent of arecursive routine: e e
» To access local variables and arguments of the current routine: always use

the corresponding positions in the activation record at the top of the stack.

» Instead of arecursive cal: create a new activation record; initialize it with
the value of the call’s arguments and the position of the call; push it on the
stack; and branch back (goto) to the beginning of the routine’s code.

* Instead of areturn: return only if the stack is empty (no suspended call is

pending); otherwise, restore the arguments and local variables from the

activation record at the top of the stack, pop the stack, and branch to the

appropriate instruction based on the call position information found in the

activation record.

Note that both translation schemes involve goto instructions. That isfine if we

are talking about the machine code to be generated by a compiler; but when it

isamanual simulation of recursion in ahigh-level language we have learned to <« " Thegoto instruc-

avoid the goto and in fact Eiffel has no such instruction. We will have to write Uo7+ Page 183

gotos temporarily, then replace them by appropriate control structures.
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Recursion elimination essentials

Let us see how the scheme works for the body of hanoi with its two recursive
calls. We use a stack of activation records, called just stack:

stack: STACK [RECORD]

with asmall auxiliary class RECORD to describe activation records:

note
description: "Data associated with a routine instance”
class RECORD create
make
feature -- Initialization
make (n: INTEGER; c: INTEGER; s, t, 0: CHARACTER)
-- Initialize from count n, call ¢, source s, target t, intermediary o.
do
count :=n; call :=c; source:=s; target :=t; other := o
end
feature -- Access
count: INTEGER.
-- Number of disks.

call: INTEGER
-- ldentifies arecursive cal: 1 for thefirst, 2 for the second.
source, target, other: CHARACTER -- First call
-- Needles.
end

(Instead of afull-fledged class we could also just use tuples.) An instance of the
class represents the context of acall: the number of disks being moved (count),
the three needles in the order used by the call, and call telling us whether this
execution, if coming from arecursive call, came from the first or second call in

hanoi (n: INTEGER; source, target, other: CHARACTER)
do
if n>0then
hanoi (n—1, source, other, target) -- First call
move (source, target)
hanoi (n—1, other, target, source) -- Second call
end
end

We use the stack of activation recordsto provide a non-recursive version of the
procedure, temporarily relying on gotos, as shown on the following page.
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iterative_hanoi (n: INTEGER, source, target, other: CHARACTER)
local -- We need locals representing arguments to successive calls:
count: INTEGER
XY, z, t: CHARACTER

call: INTEGER
top: RECORD
do -- Initialize locals to values of argumentsin original call:

count :=n; X := source; y .= target; z:= other

start:  if count > 0then
-- Trandation of hanoi (n—1, source, other, target):
stack.put (create { RECORD} . make (count, 1, X, Y, 2))
count := count — 1
ti=yy:i=z;z:=t
goto start

after_1:  move(x, y)

-- Trandation of hanoi (n—1, other, target, source):

stack.put (create { RECORD} . make (count, 2, X, Y, 2))
count := count — 1
ti=x;x:=z;z:=t
goto start
end

-- Trandlation of routine return:
after_2:if not stack.is_empty then
top := stack.item -- Top of stack
count := top.count
X :=top.source; y ;= top.target ; z := top.other
call :=top.call ; stack.remove
if call =2 then
goto after_2
else
goto after_1
end
end
-- No else clause: the routine terminates when
-- (and only when) the stack is empty.
end

Warning: because of
the goto instructions
and labelsthisisnot
legal Eiffel. The gotos
will be removed next.

Thisblockisreferred to
below as
SAVE_AND_ADAPT 1

Referred to below as
MOVE

Referred to below as
SAVE_AND_ADAPT 2

Referred to below as
RETRIEVE
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The body of iterative_hanoi derives from hanoi through systematic application
of recursion elimination techniques:

D1 For every argument, introduce a local variable. The example uses asimple
naming convention: x for source and so on.

D2 Assign on entry the value of the argument to the local variable, then work
exclusively on that variable. This is necessary because a routine may not
change the value of its arguments (n := some_new_valueisinvalid).

D3 Give a label, here start, to the routine’s original first instruction (past the
local variableinitializations added by D2).

D4 Introduce another local variable, here call, with values identifying the
different recursive calls in the body. Here there are two recursive calls, so
call will have two possible values, arbitrarily chosen as 1 and 2.

D5 Give a label, here after 1 and after 2, to the instructions immediately
following each recursive call.

D6 Replace every recursive call by instructions which:

» Push onto the stack an activation record containing the values of the
local variables.

* Set the values of the locals representing arguments to the values of the
call’s actual arguments; here the recursive call replacesn by n—1 and
swaps the values of other and target, using the local variable swap for
that purpose.

* Branch to the first instruction.

D7 At the end of the routine, add instructions which terminate the routines
execution only if the stack is empty, and otherwise:

» Restore the values of al local variables from the activation record at the
top of the stack.

* Also from that record, obtain the call identification
« Branch to the appropriate post-recursive-call label among those set in D5.

This is the general scheme applicable to the derecursification of any recursive
routine, whether aprogrammer iscarrying it out manually, as we are now doing,
or — the more common situation — compilers include it in the code they
generate for routine calls.

We will see next how to simplify it — including goto removal — with the
help of some deeper understanding of the program structure; in the meantime,
make sure you fully understand this example of brute-force derecursification.
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If, as | hope, you do find the transformation (if not the result)
simple and clear, you may enjoy, as a historical aside, an anecdote
reminding us that what is standard today was not always obvious. It is
told by Jim Horning, a computer scientist well known for his own
contributions, in particular to the area of formal methods:

_ Naur & Horning
Touch of History: (2006)

When recursion was thought impossible
(astold by Jim Horning)

Sightly abridged from
In the summer of 1961 | attended a lecture in Los Angeles by a little-known ﬂimlﬂortr;lil ng’zlblog a{
Danish computer scientist. His name was Peter Naur and his topic was the | comyotososiens
new language Algol 60. In the question period, the man next to me stood up. | sion.html. Reproduced
“It seems to me that there is an error in one of your slides.” with permission.
Peter was puzzled, “No, | don’'t think so. Which slide?’

“The one that shows aroutine calling itself. That’s impossible to implement.”

Peter was even more puzzled: “ But we have implemented the whol e language,
and run all the examples through our compiler.”

The man sat down, still muttering to himself, “Impossible! Impossible!”. |
suspect that much of the audience agreed with him.

At thetimeit wasfairly common practice to allocate statically the memory for
aroutine’s code, itslocal variables and its return address. The call stack had
been independently invented at least twice in Europe, under different names,
but was still not widely understood in America.

The reference to independent inventions of the notion of call stack is
probably to Friedrich Bauer from Munich, who used the term Keller
(cellar), and Edsger Dijkstra from Holland, when implementing his
own Algol 60 compiler.

Simplifying the iterative version

The code given abovelooksformidable, especialy against thesimplicity \' -
of the original recursive version. Indeed, with atruly recursive algorithm

like this one an iterative version will never reach the same elegance. But Bauer (2005)
we can get close by reviewing the sources of complication:

* We may replace the gotos by structured programming constructs.

» By identifying invertible operations, we may limit the amount of information <« Seel2, page 489.
to be stored into and retrieved from the stack.

* Insome cases (tail recursion) we may bypass the stack altogether.
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The last two kinds of simplification can also be important for performance,
since all this pushing and popping takes time, as well as space on the stack.

On the Hanoi example let us start by getting rid of the goto eyesores. To
abstract from the details of the code we express the body of iterative_hanoi as

INIT
start: if count > 0 then
SAVE_AND_ADAPT 1
goto start
MOVE
SAVE_AND_ADAPT 2
goto start
end
after_2:if not stack.is_empty then
RETRIEVE
if call = 2 then goto after_2 else goto after_1 end

end

after _1:

with SAVE_AND_ADAPT_1 representing the storing of information into the
stack and change of valuesbeforethefirst call, SAVE_AND_ADAPT _2thesame
for the second call, RETRIEVE the retrieval from the stack of local variables
including call, MOVE the basic move operation, and INIT the initialization of
local variables from the arguments.

This is the example of goto structure that served (with abstract names for
the instructions and conditions, 11, C1 etc.) as illustration in the discussion of
goto removal. The result was

from INIT until over loop
from until count <= 0 loop
SAVE_AND_ADAPT_1

end
from stop := stack.is_empty until stop loop
RETRIEVE
stop := (stack.is_empty or (call /= 2))
end

over ;= (stack.is_empty and (call = 2))
if not over then MOVE ; SAVE_AND_ADAPT 2 end
end

which we can immediately simplify, getting rid in particular of the stop
boolean variable:

<« From page 492.

count isan integer
variable; theinstruc-
tions|0, 11 and 12 can
changeitsvalue.

« “Appendix: an
example of goto
removal”, page 205.
Theresultinggoto-less
structure appears on
page 206. The local
variable over isinitial-
ized to False.
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from INIT until over loop
from until count = 0 loop SAVE_AND_ADAPT 1 end
from call := 2 until stack.is_ empty or call =1 loop RETRIEVE end
over := (stack.is_empty and (call = 0))
if not over then MOVE ; SAVE_AND_ADAPT 2end
end

The simplifications result from an analysis of possible changes to the values of
the variables:

* Since count can never become negative because of the precondition of
hanoi and thetest conditioning recursive calls, it islegitimate to replace that
test, count <=0, by count = 0.

» Togetrid of stop we note that any value call getsout of RETRIEVE can only
be 1 or 2, since these are the possible values stored onto the stack; so we can
replace call /= 2 by call = 1, then set call to 2 the first time around so that
this particular condition is only taken into account for the second and later
iterationsif any.

Tail recursion

A standard technique that helps reduce the overhead of stack pushing and
popping relies on the observation that it is not necessary to store context
information, and later retrieveit, if the algorithm does not need thisinformation
any more, this is the case in particular for a recursive call that is the last
operation executed by an instance of the recursive routine.

This simplification applies to the hanoi example. The second recursive call
is the last instruction executed by an activation of the routine. This means that
SAVE_AND_ADAPT_2 is not necessary, or more precisely that the only
information it must preserve is call, since in getting back from a call you need
to know whether it was an instance of thefirst or the second one: in thefirst case
you need to pop the other values (count, X, V, 2), in the second you don’t.

A good compiler can detect tail recursion and apply this optimization to
improve the performance of arecursive algorithm.

In the hanoi case it is superseded by another optimization, which almost
entirely getsrid of the stack and which we will now see. You should, however,
practice tail recursion elimination by implementing the above algorithm and — Exercise 14-E.14,
removing the unneeded push operations. page 504.
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Taking advantage of invertible functions

Using a stack to store the values before acall and retrieve them afterwardsisthe
default technique and always works, but we saw earlier that an alternative
exists: reverting the transformation of arguments. In the hanoi case thisturns out
to be possible for all arguments:

» Thetransformation of count prior to each call, count := count — 1, has an
obviousinverse: count := count + 1.

» For the other arguments, representing needles, the transformation is swap,g
for the first call and swap,, for the second, if we call swap;; the operation
that swaps the variables representing the i-th and j-th needles (for example
swappzist:=y;y:=z;z:=t). But every swapj isitsown inverse: applying
it a second time restores the original values.

So we do not actually need to store any of count, X, y and z on the stack: it

suffices, at the time of a RETRIEVE, to apply the appropriate inverse operation.
Specifically, RETRIEVE becomes:

“Retrieve the value of call”
count :=count + 1
if call =1 then swap,3 else swap,3 end

A stack remains necessary, but only to record and retrieve the values of call. The
simplification becomes even more dramatic if we notice that call only has two
possible values, 1 and 2, which were just a convention to identify the two
recursive calls. Let usinstead call them 1 and 0. Thereisasimple representation
for a stack of 0/1 (or boolean) values: if you know for certain that the stack’s
height plus one cannot exceed the bit size of an integer — typically 64 on
modern computers, until recently 32 —, just use asingle integer, say s, for the
stack. It isamatter of considering the Os and the 1s of the binary representation,
even if you do not know the details of number representation on your computer.
The operations are:

s=1 -- Isthe stack empty?

si=1 -- Initialize to an empty stack

S:=2%*S --PushaO

s:=2*%*s+1 --Pushal

b:=s\2 -- Obtain (into b) the top of the stack (\\ is remainder)
s=s/l2 -- Pop the stack (// isinteger division)

« 12, page 489.

Thefirst isa boolean
expression, the others
areinstructions.



498

RECURSION AND TREES §14.9

Hereisthe result of atypical sequence of such instructions:

Instruction Goal Result Binary representation of s
(leftmost zeroes omitted)

si=1 - Sartempty  |s=1 LI T LT T [ [1]
S:=2%S --Pusha0 s=2 [T TTTTT10
s:=2%s+1 --Pushal s=5 [ | [ [ [1]0]1]
S:=2#%s+1 --Pushal s=11 [T T T T1a/o[1]1]
S:=2%s -- Pusha0 s=22 [T T [afo[1]1]0]
s=s//2 -- Pop s=11 [ ] [ [ [1]o]1]1]
b:=s\2 -- Get top bz%

l

The binary representation of integers, shown in the last column, has the largest
weights on the left (“big-endian” convention). The top of a non-empty stack is
0if thenumber iseven, 1if itisodd.

This technique of using a single integer to represent a stack of boolean
values can be used safely whenever you have a guaranteed limit on the stack

size. In the hanoi example thisis not a problem since 263 or even 231 are more
moves than can be handled in any reasonable time.

Combining the previous observations leads to a simpler and more efficient
form of the iterative_hanoi algorithm with arguments n, source, target, other:

from
count :=n; X:=source;y:=target; z:=other ;s:=1
until over loop
from until count = 0 loop
Swapys ; S:=2#* s+ 1; count := count —1
end

from call :=Quntil s=1or call =1 loop
call :=s\2;s:=s//2; count :=count + 1
if call =1 then swap,3 €lse swap,3 end
end
over :=((s= 1) and (call =0))
if not over then
move (X, Y)
swap3; S:=2*s; count := count — 1
end
end

over isinitialized to
False asusual.

-- Go down left
-- (H1, see next page)

-- Go back up
- (H2)

-- Visit node,
-- go down right
- (H3)
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Although this is the result of a systematic transformation and not the kind of
program that you would normally write (recursion is simpler and clearer), it is
interesting to follow the execution on this form too, relating it to the origina
recursive version and specifically to the binary execution tree from the
beginning of this chapter, showing the execution as an inorder traversal:
SABC Hanoi binary
Go down left /" \Thelast step tree traversal
(H1) (From pages 450 and
(H2) 454)
2ACB 2CBA

Go down right,

P AN i

1ABC|/go 1BCA 1CAB 1ABC

Ggelie AN AN AN

0OACB OCBA 0BAC 0OACB OCBA 0OBAC OACB 0OCBA

As noted next to the algorithm, it has three components:

H1 Go down left, as far as possible, until you reach a leaf. The leaves are at
n=0 (count = 0 in this version), although earlier figures showing this tree
stopped at 1 since nothing visible from the outside happens at level 0.

H2 Go back up. Aslong as you are coming from the right just continue going
up, since this corresponds to the second recursive call and there is nothing
more to do with this instance of the routine.

H3 Having gone up one left branch, perform the visiting operation (move one
disk from x to y, and go down one right branch).

Thisisrepeated until, coming up from the right (H2), you find the stack empty.

When going down (H1, H3), you decrement count and swap y and zif going
left (H1), x and z if going right (H3); when coming back up (H2), you restore
the original values by incrementing count and doing the appropriate swap
depending on whether you are coming back from the left or from the right —
which you find out by looking at the top of the stack, meaning the parity of sas
given by call.
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14.10 KEY CONCEPTSLEARNED IN THISCHAPTER

* It is often convenient to define a concept recursively, meaning that the
definition uses one or more other instances of the concept itself.

» For thedefinition to be useful, any occurrence of the concept initsdefinition
must apply it to a smaller target, and there must be at least one case for
which the definition is non-recursive, so that any application of the
definition reduces in the end to a combination of elementary cases.

* Recursive definitions can be useful in particular for routines, data structures
and grammars.

* Any loop can be expressed in an equivalent recursive form, through a
simple transformation.

 The other way around, any recursive algorithm has a recursion-free
equivalent, but the transformation is more delicate; it requires changing the
control flow, and recording the value of local information prior to every
recursive call so asto retrieveit later, either by using a stack or by spotting
invertible transformations.

New vocabulary

Activation Activation record Alpha-beta
Backtracking Binary tree Call chain

Depth-first Direct recursion Indirect recursion
Inorder Iterative I nstance (of aroutine)
Minimax Non-creative Postorder

Preorder Recursion Recursive

Recursive definition Traversal

14-E EXERCISES
14-E.1 Vocabulary

Give aprecise definition of each of the termsin the above vocabulary list.

14-E.2 Too much recursion?

Isthe definition of “recursive definition” arecursive definition? « Page 435.

14-E.3 Binary search trees with repetitions

For every binary search tree routine in this chapter, rewrite the declaration (if
needed) to permit multiple occurrences of a given item value in a tree as

discussed after the initial definition. « Page455.
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14-E.4 A programming language without program texts

This exercise addresses language processing techniques seen in an earlier
chapter; the solution requires recursion.

The goal is to write an interpreter and a compiler for an elementary

programming language. To avoid dealing with concrete syntax, the tools will
directly manipulate data structures rather than texts.

Our little language is called WA SO (acronym for With Abstract Syntax

Only) and has the following properties:

The only datatypeis“integer”.

Variables, all of integer type, do not need to be declared. A variable nameis
an arbitrary string.

Integer constants can be used, such as 1.

Integer expressions can be formed with addition, subtraction, multiplication
and integer division.

There are two kinds of instruction: assigning an expression to a variable,
and printing the value of avariable.

A WA SO program consists of a sequence of assignments and a sequence of
print instructions, either or both of which can be empty.

The execution of a program consists of initializing all variables to zero,
executing the assignments in sequence, and executing the print instructions
In sequence.

So a typical program — written out here as if WASO had a textual
representation (concrete syntax), although this is not part of the language
definition — is:

ass

then

end

3
5
=2 (x+(y/3)

.gn
X
Yy
X

print x
print z

The execution of this program prints the single value 8.

The concrete syntax is only one of many possible choices. Another would use the
keyword print instead of then and in the second clause list only the variablesto be
printed, without repeating print.

— Seealso exercises
16-E.4, page 617 to
16-E.6, page618inthe
inheritance chapter.

Thisisonly one possi-
ble concrete syntax.



502 RECURSION AND TREES §14-E

The assignment:

1 Write a set of classes, including PROGRAM, ASSIGNMENT, PRINT and
EXPRESS ON, with the associated features including creation procedures,
to build abstract syntax trees representing WA SO programs.

2 Add aclass with a procedure that uses these classes and features to create
an abstract syntax tree representing the above example program.

3 Add to class PROGRAM a procedure write_out that produces a textual
(concrete) representation of aWA SO program, as given out for the example.
Run it on the exampletree from step 2 and check that the output isthe above
text. Hint: you need arecursive procedure performing atraversal, similar to
those introduced for binary treesin this chapter.

4 Write a WASO interpreter, in the form of a procedure interpret in class
PROGRAM which executes the program and produces the expected output.
Run it on the example and check the result (which as noted should be the
single value 8).

5 WriteaWASO-to-Eiffel compiler, in theform of aprocedure compilein class
PROGRAM which produces an Eiffel system implementing the semantics of
the source WA SO program: a root class with an appropriate creation
procedure, and any other classes needed. Run it on the example; use Eiffel
Studio to Eiffel-compilethe output; runit on the exampleand check theresuilt.

Terminology note: the result of step 5 is an unparser, producing a text

representation from an internal representation such as an abstract syntax tree —

the reverse of what a parser does.

14-E.5 Non-recursive insertion

Write aversion of put for binary search trees using aloop rather than recursion. « Page458.
(Hint: you may use for inspiration the non-recursive version of the search
function has.)

14-E.6 Recursivereversal

Retaining the same assumptions (alist of stopsis known through itsfirst cell, of

type STOP, giving access to the rest through repeated application of next),

rewrite the function reversed from the discussion of references so that it uses « Page261.
recursion rather than aloop. (See also the next exercise.)

14-E.7 Reversing a list, functional style

Write a recursive function that produces the reverse of alinked list (the Eunctiondl
argument and the result should be of type LINKED_LIST [G], from EiffelBase). gamming and func.
K eep pointer manipul ations to a minimum and remain as close as possible to the  tional languages’,
style of the reversed function given as an example of Haskell programming. Pa9°3%4
Analyze the time and space complexity of your solution.
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14-E.8 Backtracking curtailed

Adapt the general backtracking algorithm so that it keeps track of previously
explored positions and discards any path leading to such a position. You may
assume that PATH has a query position defining a path’s terminal position.

14-E.9 Cycles despised

Adapt the general backtracking algorithm so that it does not explore paths
longer than path_cutoff, a given integer value.

14-E.10 Properties of a function graph

(This exercise cals for mathematical analysis, not a programming solution.) In
the successive approximations H; of the graph of the Towers of Hanoi function,
assuming three needles'A’, 'B', 'C":

1 What isthe number of pairsin H;?

2 Give amathematical formulafor H;.

14-E.11 Programming a function graph bottom-up

1 Deviseaclass of which every instance represents an arguments-result pair,
of theform [(n, s, t, 0], <...>], for the Towers of Hanoi function graph.

2 Based onthe preceding class, devise another to represent the function graph
asawhole.

3 From this class and the rules [5] and [6] defining the function graph in the
bottom-up interpretation of recursion, write a program that producesthei-th
approximation of the graph, Hj, for any i. The algorithm may use loops, but
it may not use recursion.

4 Usethisprogram to print out sequences of moves (with source'A' and target
'‘B’) for afew values of i; check that the results coincide with those of the
recursive procedure.

14-E.12 Bottom-up view of binary tree algorithms

Consider a recursive algorithm for binary tree traversal; you may choose

preorder, inorder or postorder.

1 Taking inspiration from the bottom-up analysis of the Towers of Hanoi
solution, devise a model to interpret the traversal as a function returning a
sequence of nodes.

2 Writearecursive “definition” of this function.

3 Expressthis“definition” as afixpoint equation on the function graph, using
T; asthe name of the graph for binary trees of height i.

4 Use the definition to produce (either manually or by writing a small
program) Hs for the example binary tree, and the resulting traversal order.

« Page 461.

« Page 461.

« “ The towers, bot-
tomup”, page 483.

« “Thetowers, bot-
tom-up”, page 483.

<« “ Thetowers, bot-
tom-up”, page 483.

« Fromthefigure on
page 447.
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14-E.13 Recur sion without optimization

(This exercise requires access to a compiler for a programming language such

as C or C++ with support for goto instructions.) Implement and test the direct

iterative tranglation of the hanoi procedure, initsinitia version using gotosand <« iterative_hanai,
astack without optimization. page 492.

14-E.14 Saving on stack saving

1 Implement and test the goto-freeiterative, stack-based version of the Tower <« Algorithmon page
of Hanoi problem. 495.

2 Improve the solution through tail recursion optimization, avoiding
unnecessary saves in the second call.

3 (Only if you have solved the previous exercise) Apply the same
optimization to the version using goto instructions.

14-E.15 Traver sal without a stack

We saw that implementing recursion only requires a technique to invert the <« *Implementationof
transformation of argumentsin recursive calls; astack isjust one possibleway to R?Sfilgéi%%@ ’
satisfy this requirement. Using a suitable inversion technique, implement binary
treetraversal, for exampleinorder, non-recursively and without any stacks except
possibly a stack of boolean values (or, equivalently, abit in every node).
Hint: temporarily overwrite tree links to remember where you came from.
Counter-hint: you could find a solution by running Web searches for the words
Deutsch, Schorr and Waite (names of authors of a famous algorithm based on this
idea). Don't; rather, design an algorithm, thenlook up existing referencesif youwish.

14-E.16 Transitive closure

(This exercise refers to a later chapter.) Restate the definition of transitive — Page513.
closure as arecursive definition.

14-E.17 Matrix algebra on BNF productions

(This exercise requires basic knowledge of linear algebra.) Consider a BNF

production, such asthe small exampleused in thischapter, or more extensive ones

from earlier chapters, involving only Concatenation and Choice productions (no

Repetition, asit can be replaced by combinations of the other two).

1 Treating concatenation of tokensas“ multiplication” and alternative choices
as “addition”, show that it is possible to express the grammar as a matrix
equation X = A= X + B, where X isthe vector of nonterminals, A isamatrix
of terminals and nonterminals, and B is a vector.

2 Discussways of solving this equation by following the model discussed for
fixpoint equations.



